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BLOW-UPS OF THREE-DIMENSIONAL TORIC 
SINGULARITIES 

S. A. KUDRYAVTSEV 
In memory of Vasily Iskovskikh 


Abstract. The purely log terminal blow-ups of three-dimensional 
terminal toric singularities are described. The three-dimensional 
divisorial contractions /: {Y,E) —5> (A 9 P) are described pro¬ 
vided that Exc / = P is an irreducible divisor, (A 9 P) is a toric 
terminal singularity, f{E) is a toric subvariety and Y has canonical 
singularities. 


Introduction 

Let {X 3 P) he a. log canonical singnlarity and let /: U —)■ X be its 
blow-np. Snppose that the exceptional locns of / consists of only one 
irredncible divisor: Exc / = E. Then /: {Y,E) -3 (X 3 P) is called 
a purely log terminal blow-up, canonical blow-up or terminal blow-up, 
if 1 ), 2) or 3 ) are satished respectively: 1 ) Ky + E is pit and —E is 
/-ample; 2 ) —Ky is /-ample and Y has canonical singnlarities; 3 ) —Ky 
is /-ample and Y has terminal singnlarities. 

The dehnition of pit blow-np implicitly reqnires that the divisor E 
be Q-Cartier. Hence U is a Q-gorenstein variety. By inversion of 
adjnnction Ke + DiffE(O) = {Ky -|- E)\e is a kawamata log terminal 
divisor. 

The importance of stndy of pnrely log terminal blow-nps is that: 
some very important qnestions of birational geometry for n-dimensional 
varieties, contractions can be rednced to the smaller dimension n—1 , ns- 
ing pnrely log terminal blow-nps (for instance, see the papers [22], [2B] . 
[20] and m)- In dimension two, pnrely log terminal blow-nps are com¬ 
pletely classihed and the classihcation of two-dimensional non-divisorial 
log terminal extremal contractions of local type is obtained nsing them 
[ 22 ] . For three-dimensional varieties the hrst similar problem is to 
get the same explicit geometric classihcation of three-dimensional Mori 
contraction of local type as in two-dimensional case. The next problem 
is the hrst difficulty to realize this approach. 
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Problem. Describe the class of all log del Pezzo surfaces, generic P^- 
fibrations which can be the exceptional divisors of some purely log 
terminal blow-ups of three-dimensional terminal singularities. 

Suppose that f{E) = P is a point. Then we solve this problem 
in the case of terminal toric singularities in this paper ftheorem 16.2p . 
Moreover we obtain the description of pit blow-ups of Q-factorial three- 
dimensional toric singularities ftheorem 16.Sp . Purely log terminal and 
canonical blow-ups are divided into toric and non-toric blow-ups up to 
analytic isomorphism. The study of non-toric pit blow-ups is reduced to 
the description of pit triples (S', P, P) in dimension two (see proposition 
14.51 and definition 14.6p . 

Also we obtain the description of canonical blow-ups of three- 
dimensional terminal toric singularities in this paper (theorem 16.6p . 
The study of non-toric canonical blow-ups is reduced to the description 
of the following two interrelated objects: a) toric canonical blow-ups 
of [X 3 P) and b) some triples (S, D, P) in dimension two. 

Immediate corollary of theorem 16.61 is that the terminal blow-ups of 
three-dimensional terminal toric singularities are toric up to analytic 
isomorphism. This corollary was proved in the papers [H], i] and pp 
by another methods. 

Suppose that f{E) is a one-dimensional toric subvariety (curve) of 
the toric singularity {X 3 P). Then the description of pit and canonical 
blow-ups is given in theorems 13.3113.4113.51 and in corollary 13.61 

The part of work has been completed during my stay at Max- 
Planck-Institut fiir Mathematik in 2003. This work was done with the 
partial support of the Russian Foundation for Basic Research (grant 
no. 02-01-00441), the President grants (grant no. 489-2003.01 and 
grant MK-1285.2003.1). I would like to thank MPIM for the hospital¬ 
ity, support and stimulating atmosphere. I am grateful to Professors 
Yu.G. Prokhorov and LA. Cheltsov for valuable advices. 

1. Preliminary results and facts 

All varieties are algebraic and are assumed to be dehned over C, 
the complex number held. The main dehnitions, notations and notions 
used in the paper are given in mi, 0 , m, 0 (on MMP for non-Q- 
factorial varieties). By {X 3 P) denote the germ of the variety X at 
the point P. 

By our dehnition a smooth point is a special case of singularity. For 
example, Du Val singularity of type Aq is a smooth point. 

Let fY -3 X he a. birational morphism and let D be a divisor on 
the variety X. By Dy denote the proper transform of D on the variety 
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Y. If Y = X, Y = X' or Y = X, then for notational convenience we 
nse the notation D = D' = Dx> or D = respectively. The 
similar notation is nsed for snbvarieties of X. 

The proper irreducible subvariety T of X is said to be a center of 
canonical singularities of {X, D), if there exist the birational morphism 
f:Y^X and the exceptional divisor E <zY such that T = f{E) and 
a{E, D) < 0. The set of canonical singularity centers of {X, D) is 
denoted by CS(X, D). 

By our dehnition, the toric varietis, toric morphisms are considered 
up to analytic isomorphism, if they are not explicitly dehned by fans. 
All neighborhoods assume to be analytic ones. 

Proposition 1.1. [TTl lemma 6.2] Let fi'.Yi^X he two divisorial 
contractions of normal varieties, where Exc fi = Ei are irreducible di¬ 
visors and —Ei are fi-ample divisors. If Ei and E 2 define the same 
discrete valuation of the function field /C(X), then the contractions fi 
and /2 are isomorphic. 

Proposition 1.2. Let fi'.Yi^ {X 3 P) be two divisorial contractions 
to a point P, where Exc fi = Ei are irreducible divisors. Suppose that 
the varieties Yi, X have log terminal singularities, Ei and E 2 define 
the same discrete valuation of the function field ]C{X), the divisor —Ei 
is fi-ample, the divisor —E 2 is not f 2 -ample. Then there exists the 
flopping contraction {with respect to KY 2 ) g ■ Y 2 ^ Yi and f 2 = fi°g 
up to analytic isomorphism. 

Proof. Let Ky.^ = f 2 ^x + 0 -^ 2 • If a > 0, then we put L = -Ky.^- If 
a < 0, then we put L = —{Ky^, + (—a + s)E 2 ), where £ is a sufficiently 
small positive rational number. By base point free theorem 0 Remark 
3.1.2] the linear system |nL| is free over X for n ^ 0 and gives a 
contraction g: Y 2 ^ Y 2 over X. A curve C is exceptional for g if and 
only if L-C* = E 2 -C = Ky^-C = 0. Therefore g is a flopping contraction 
and Y 2 = Yi by proposition ll.il □ 

The next example shows the idea of proposition 11.21 

Example 1.3. Let {X 3 P) = {{xiX 2 + xj-I xj = 0} C 0)). 

Consider the divisorial contraction /i: Yi —)■ (X 3 P) induced by the 
blow-up of the point (C^, 0) with the weights (1,1,1,1). Then Exc fi = 
P(l, 1, 2), the variety Yi has only one singular point denoted by Q, and 
(Xi 9 Q) = {{ym + yl + yl = f)} P This singularity 

is not Q-factorial and let g: Y 2 ^ (Xi 3 P) be its Q-factorialization. 
We obtain the divisorial contraction f 2 '- Y 2 ^ (X 3 P), where Y 2 is a 
smooth 3-fold, Exc /2 = F 2 , and —Ky^ is not a / 2 -ample divisor. 
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Definition 1.4. Let {X 3 P) he a log canonical singnlarity and let 
f\Y —)■ X be its blow-np. Snppose that the exceptional locns of / 
consists of only one irredncible divisor: Exc/ = E. Then /: {Y,E) -3 
{X 3 P) is called a canonical blow-up, if —Ky is /-ample and Y has 
canonical singnlarities. Note that the definition of canonical blow-np 
implies that {X 3 P) is a canonical singnlarity. The canonical blow- 
np is said to be a terminal blow-up, if Y has terminal singnlarities. 
Note that the definition of terminal blow-np implies that {X 3 P) is a 
terminal singnlarity. 

Remark 1.5. Using the notation of definition 11.41 we have the following 
properties of canonical blow-nps. 

1) The divisor —E is /-ample and a{E, 0) >0. If / is a terminal 
blow-np, then {X 3 P) is terminal. 

2 ) Let fi'. {Yi,Ei) -3 {X 3 P) be two canonical blow-nps. If Pi 
and P 2 define the same discrete valnation of the fnnction field 
/C(X), then the blow-nps /i and /2 are isomorphic by proposi¬ 
tion 11.11 

3) Let {X 3 P) he a Q-factorial singnlarity. Then U is a Q- 
factorial variety also, p{Y/X) = 1 and p(P) = 1 [H §5]. 

Theorem 1.6. Let {X 3 P,D) has canonical singularities and let the 
divisor D be a boundary. Assume that a{E, D) = 0 and a{E, 0) > 0 for 
some irreducible exceptional divisor E. Then there exists a canonical 
blow-up such that its exceptional divisor and E define the same dis¬ 
crete valuation of the function field /C(X). Moreover, if E is a unique 
exceptional divisor with a{E, D) = 0, then its canonical blow-up is a 
terminal blow-up. 

Proof. By proposition 21.6.1 of the paper HU we consider the birational 
contraction / : {Y, E) -3 {X 3 P) with the following three properties: 

1) P is a nniqne irredncible exceptional divisor of Exc/; 

2) P and P define the same discrete valnation of the fnnction field 

3) if {X 3 P) is Q-factorial, then p{Y/X) = 1 and Exc / = P. 

Let / be not the reqnired canonical blow-np. If Exc / = P, then by 
proposition 11.21 we have f = f o g, where / is the reqnired blow-np. 
Consider the remaining case, when Exc / = P U A, where A 7 ^ 0 and 
codimy A > 2. Let P be a general Cartier divisor containing the set 
/(Exc /). Then Ky + Pp + ePp = —eaE over X, where a > 0. For 
0 < £ <C 1 we apply Pp -|- Pp -|- ePp - MMP. We obtain a birational 

map <p: Y ---> Y', which is a composition of log flips, and we also 
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obtain a divisorial contraction f '■ Y' —)■ X snch that Exc/' = E', 
where E' is an irredncible divisor. Therefore, by proposition 11.21 we 
have the reqnired canonical blow-np. □ 

Definition 1.7. Let {X 3 P) he a log canonical singnlarity and let 
f\Y —)■ X be its blow-np. Snppose that the exceptional locus of / 
consists of only one irreducible divisor: Exc f = E. Then /: (E, E) -3 
(X 3 P) is called a purely log terminal blow-up, if the divisor Ky + E 
is purely log terminal and —E is /-ample. 

Remark 1.8. Dehnition II.71 implicitly requires that the divisor E be Q- 
Cartier. Hence E is a Q-gorenstein variety. By inversion of adjunction 
Ke + Diff£;(0) = {Ky E)\e is a kawamata log terminal divisor. 

Remark 1.9. Using the notation of dehnition II.71 we have the following 
properties of purely log terminal blow-ups. 

1) The variety f{E) is a normal one [ini Corollary 2.11]. 

2) If (X 3 P) is a log terminal singularity, then —{Ky -|- P) is a 
/-ample divisor. A purely log terminal blow-up of log termi¬ 
nal singularity always exists under the assumption that the log 
minimal model program holds [131 Theorem 1.5] (see theorem 

[uoD. 

3) If (X 3 P) is a strictly log canonical singularity, then a{E, 0) = 
— 1. A purely log terminal blow-up of strictly log canonical 
singularity exists if and only if there is only one exceptional 
divisor with discrepancy —1 under the assumption that the log 
minimal model program holds [131 Theorem 1.9]. 

4) If (X 3 P) is a Q-factorial singularity, then E is a Q-factorial 
variety also, p{Y/X) = 1 and p{E) = 1 [191 Remark 2.2], [H 
§5]. Hence, for Q-factorial singularity we can omit the require¬ 
ment that —E be /-ample in dehnition 11.71 because it holds 
automatically. 

5) Let fi\ {Yi,Ei) -3 {X 3 P) be two purely log terminal blow¬ 
ups. If El and P 2 dehne the same discrete valuation of the 
function held /C(X), then the blow-ups /i and /2 are isomorphic 
by proposition 11.11 

6 ) Let —E be not a /-ample divisor in dehnition 11.71 Then such 
blow-up can diher from some pit blow-up only by a small hop¬ 
ping contraction (with respect to the canonical divisor Ky) [T3l 
Corollary 1.13]. This statement is similar to proposition 11.21 

7) Let /: {Y,E) -3 {X 3 P) he a toric blow-up of toric Q- 
gorenstein singularity. Assume that E is a Q-gorenstein variety 
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and Exc / = E is an irredncible divisor. Then Ky + E is a pit 
divisor, and therefore / is a pit blow-np in Q-factorial case. 

Theorem 1.10. [T^ theorem 1.5], [191 proposition 2.9] Let X be a 
kawamata log terminal variety and let D 0 be a boundary on X 
such that (X, D) is log canonical, but not purely log terminal. Suppose 
LMMP is true or dimX < 3. Then there exists an inductive blow-up 
f : Y ^ X such that: 

(1) the exceptional locus of f contains only one irreducible divisor 
E (Exc(/) = E); 

(2) Ky + E + Dy = f*{Kx + D) is log canonical; 

(3) Ky + E + (1 — e)Dy is purely log terminal and anti-ample over 
X for any s > 0; 

(4) if X is Q-factorial, then Y is also Q-factorial and p(Y/X) = 1. 

Remark 1.11. Indnctive blow-np is a pit blow-np. Conversely, for any 
pit blow-np /: (Y, E) —)■ (X 3 P) there exists a pair (X, D) snch 
that / is an indnctive blow-np. Indeed, pnt D = f{^Dy), where 
Dy G I — n{Ky + E)\ is a general element for n S> 0. 

Definition 1.12. Let {X/Z,D) be a contraction of varieties, where D 
is a snbbonndary. Then a Q-complement of Kx -|- D is an effective Q- 
divisor D' snch that D' > D, Kx+D' is log canonical and Kx + D' ~q 
0/Z for some n G N. 

Definition 1.13. Let {X/Z, D) be a contraction of varieties. Let D = 
S' -|- i? be a snbbonndary on X snch that B and S have no common 
components, S is an effective integral divisor and lSj < 0. Then we 
say that Kx -|- D is n-complementary, if there is a Q-divisor (called 
an n-complement) snch that 

(1) n{Kx + D+) ^jZ (in particnlar, nD^ is an integral divisor); 

( 2 ) the divisor Kx + D^ is log canonical; 

(3) nD^ >nS-\- L(n -|- l)i?j. 

Definition 1.14. For n eN pnt 

fPn = {a I 0 < a < 1, L(n -|- l)aj > na}. 

Proposition 1.15. [25l Lemma 5.4] Let f:X -E Y be a birational 
contraction and let D be a subboundary on X. Assume that Kx + D 
is n-complementary for some n E N. Then Ky -|- f{D) is also n- 
complementary. 

Proposition 1.16. [26l Lemma 4.4] Let /: X -E Z be a birational 
contraction of varieties and let D be a subboundary on X. Assume 
that 
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(1) the divisor Kx + D is f-nef; 

(2) the coefficient of every non-exceptional component of D meeting 
Exc / belongs to CP„; 

(3) the divisor Kz + f{D) is n-complementary. 

Then the divisor Kx D is also n-complementary. 

Proposition 1.17. [221 Proposition 4.4.1] Let f: X ^ {Z 3 P) be a 
contraction and D be a boundary on X. Put S = lUj and B = {H}. 
Assume that 

(1) the divisor Kx + D is purely log terminal; 

(2) the divisor —{Kx + D) is f-nef and f-big; 

(3) ^^0 near f-\P); 

(4) every coefficient of D belongs to 

Further, assume that near f~^{P) fl S there exists an n-complement 
Ks + BiSsiBffi of Ks + I)iSs{B). Then near f~^{P) there exists an 
n-complement Kx + S' + of Kx + S' + 5 such that Diff 5 (il)+ = 
Diffs(5+). 


2. Toric blow-ups 

We refer the reader to [18] for the basics of toric geometry. 

Definition 2.1. Let N be the lattice Z” in the vector linear space 
A^r = N and M be its dual lattice Hom 2 (iV, Z) in the vector linear 
space Mr = M 0^®- We have a canonical pairing ( , ): x Mr —)■ M. 

For a fan A in the corresponding toric variety is denoted by Tx{X). 
For a fc-dimensional cone a G A the closure of corresponding orbit is 
denoted by V{a). This is a closed subvariety of codimension k in 
Tn{A). 

Example 2.2. 1) Let the vectors Ci,..., e„ be a Z-basis of N, where 
n > 2. Consider the cone 

a = M>oei + ... + R>oen-i + M>o(niei + ... + a„_ien-i + rcn)- 

Let the fan A consists of the cone a and its faces. Then the affine 
toric variety T/v(A) is the quotient space (C” 3 0)/Zr with the action 

— ( a\, • • • 5 a^i — 151 ). 

2) Let 

a = (ei, 62 , 63 , 64 ) = (( 1 , 0 , 0 ), ( 0 , 1 , 0 ), ( 0 , 0 , 1 ), ( 1 , 1 , - 1 )) 

for the lattice N = Z^. Let the fan A consists of the cone a and its 
faces. The affine toric variety {X 3 P) = Tjv(A) is a three-dimensional 
non-degenerate quadratic cone in C^. Let 

A^ = {( 61 , 62 , 63 ), ( 61 , 62 , 64 ), their faces} 
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= {(ei, 63 , 64 ), ( 62 , 63 , 64 ), their faces}. 

Then the birational contractions 'ipi'. T;v(A*) Ti^{A) are small res¬ 
olutions for i = 1 , 2 , and Exc-^i = V"(( 6 i, 62 )), Exc '02 = V{{ 63 , 64 )). 
The birational map T/v(A^) —-> T 7 v(A^) is a flop. 

Let /: {Y, E) ^ {X 3 P) be a toric blow-up, where Y is Q- 
gorenstein, Exc/ = E is an irreducible divisor and f{E) = P. Then 

Y = Tn{A) and 

A = {( 61 , 63 , 0 ), ( 61 , 64 , 0 ), ( 62 , 63 , 0 ), ( 62 , 64 , 0 ), their faces}, 

where o = ( 01 , 02 , 03 ), gcd(oi, 02 , 03 ) = 1 , Oi > 0 , 02 > 0 , Oi -|-03 > 0 
and 02 -l- 03 > 0 . 

We will calculate a structure of / by the following way (for con¬ 
venience). Let us consider {X 3 P) G (C'^,0) as the embedding 
( 0 : 10:2 + X 3 X 4 = 0} C (C^ia; 2 X 3 X 4 ) 0)- The weighted blow-up of (C^,0) 
with weights w = {wi, 102 , 103 , 104 ) provided that Wi + W 2 = W 3 + W 4 
induces a toric blow-up /': {Y',E') -3 {X 3 P), where 

Exc f = E' = {xiX 2 + 0:30:4 C '^xiX 2 X 3 Xi{Wl, W 2 , IO 3 , 064)}“ 

is an irreducible divisor. If put toi = oi -f 03 , 002 = 02 , tos = 02 -l- 03 
and W 4 = Oi, then we can easily compare the natural affine covers of 

Y and Y' and prove that / and /' are isomorphic blow-ups. 

Proposition 2.3. [ISl pages 36-37] The following statements are sat¬ 
isfied: 

1) {X 3 P) is a three-dimensional Q-factorial toric terminal sin¬ 
gularity if and only if {X 3 P) = (C^ 3 0)/Zr(g, — 1,1), where 
gcd(r,g) = 1. 

2) {X 3 P) is a three-dimensional non-Q-factorial toric terminal 
singularity if and only if {X 3 P) = {{xiX 2 + 0:3X4 = 0 } C 
(C^1X2X3^4’0))- 

Definition 2.4. Let x G Q>o- By (x) denote a rational number such 
that X = (x) (modZ) and 0 < (x) < 1. 

Theorem 2.5. [I7j Let {X 3 P) be a three-dimensional cyclic singu¬ 
larity of type ^( 01 , 02 , 03 ). Then {X 3 P) is a canonical singularity if 
and only if one of the following holds: 

1) (aik/r) + {a 2 k/r) -|- {a 3 k/r) G Z for all k = 1,... ,r — Y, 

2) Oj -|- Qj = O(modr) for some i j; 

3) {X 3 P) has type |(1,4, 7) or type ^( 1 , 9 , 11 ), 
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Proposition 2.6. Let f: {Y,E) —)■ {X 3 P) be a toric canonical 
blow-up of three-dimensional smooth point. Then f is a weighted blow¬ 
up with weights {wi,W 2 ,l), {1,1 —1,2), (15,10,6), (12,8,5), (10,7,4), 
(9, 6 ,4), ( 8 , 5, 3), (7, 5, 3), ( 6 ,4, 3), (5, 3, 2) or (9, 5, 2), where I >3. 

In all cases, except case (9,5,2), a general element of the linear 
system \ — Ky\ has Du Val singularities. In case (9,5,2) we have 

min{m|3Il G | — such that 

{Y, {l/m)D) has canonical singularities} = 3. 

Proof. To be definite, assume that wi > W 2 > w^, where 

{wi,W 2 ,W 3 ) are primitive weights of /. By Pi, P 2 and P 3 denote 
the zero-dimensional orbits (points) of Y. These points have types 
^^{w 2 ,w^,wi - 1 ), ^(w;i,'«; 3 ,'u ;2 - 1 ) and ^{wi,W 2 ,w^ - 1 ) respec¬ 
tively. 

Assume that cases 1) and 1) of theorem l2.5l are satisfied at the points 
Pi and P 2 respectively. Then wi = W 2 + W 3 — 1 and W 2 \ {2wz — 2). Thus 
we obtain the weights {1,1, 1), where I > 1 and {Sw^ — 3, 2 w 3 — 2, ^ 3 ), 
where W 3 > 2. For the second possibility, the singularity is of type 
;^(3,2,1) at the point P 3 , therefore < 6 , and it is easy to prove 
that every value ^3 = 2 ,..., 6 is realized. 

Assume that cases 1 ) and 2 ) of theorem l2.5l are satisfied at the points 
Pi and P 2 respectively. As above we obtain wi = W 2 + W 3 — I and have 
one of the following possibilities: il) W3 = 1, W3 = 2 or i 2 ) 2^3 — 1 = W2, 
W 2 = I, ■ ■ ■ ,4:. These possibilities are realized. 

Assume that cases 1 ) and 3) of theorem l2.5l are satisfied at the points 
Pi and P 2 respectively. Then wi = W 2 + W 3 — 1. Let the singularity 
be of type |(1,4, 7) = |(5, 2, 8 ) at the point P 2 , in particular, W 2 = 9. 
Hence W3 = 2 or W3 = 5. It follows easily that these possibilities are 
not realized. Let the singularity be of type ^(i^g^ii) = ^(^ 5 ^ 3 ^ 13 ) 
at the point P 2 , in particular, W 2 = 14. Hence tC 3 = 3 or ^3 = 5. It 
follows easily that these possibilities are not realized. 

Assume that cases 2 ) and 1) of theorem l2.5l are satisfied at the points 
Pi and P 2 respectively. Then we obtain the two possibilities: i) Wi = 
W 2 W 3 , W 2 = 2 w 3 — 1, W 3 = 2, 3 or ii) W 3 = 1. These possibilities are 
realized. 

Assume that cases 2 ) and 2 ) of theorem 12 .5l are satisfied at the points 
Pi and P 2 respectively. As above it is easy to prove that new weights 
do not appear. 

Assume that cases 2 ) and 3) of theorem l2.5l are satisfied at the points 
Pi and P 2 respectively. As above it is easy to prove that this case is 
not realized. 
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Assume that cases 3) of theorem 12.51 are satished at the point Pi. 
Then ( 101 , 102 , 103 ) = (9,5,2) or (14,5,3). It is obvious that only the 
hrst possibility is realized. 

For any weights obtained, except case (9,5,2), we can easily find 
a surface S <Z X with Du Val singularity at the point P such that 
a{S, E) = 0. Then Sy G | —Ky \ has Du Val singularities. For example, 
the surface S is given (locally at the point P) by the equations 0 : 10:2 + 
j,wi+w 2 ^ g 3,2 3,3 _|_ ^^^3 ^ g cases \wi,W 2 , 1 ) and ( 5 , 3 , 2 ) 

respectively. 

In case (9, 5, 2) the variety Y has the two non-terminal isolated sin¬ 
gularities at the points Pi and P 2 (CS(V) = {Pi,P 2 }). Let C d E = 
P(9, 5, 2) be a curve not passing through the points Pi and P 2 . Then a 
(quasihomogeneous) degree of C is at least 45. Hence m > 3, and the 
required element D is the proper transform of o:f -|- 0:2 + o:|^ = 0. □ 

Definition 2.7. Let {X 3 P) be an n-dimensional Q-factorial toric 
singularity. Then {X 3 P) = (C”' 3 0)/G, where G is an abelian group 
acting freely in codimension 1 |T 8 ]. The singularity (C*^ 3 0)/G is given 
by the simplicial cone ac in the lattice N = 

Let a power series (polynomial) (p = £ C[[o:i,o: 2 ,... ,o:„]] 

be G-semiinvariant. 

The Newton polyhedron F_|_((y9) in R”' is the convex hull of the set 
(m -|- (Jq), where cxg is a dual cone in Mr. 

For any face 7 of r+((^) we define 

me7 

The function p is said to be non-degenerate if, for any compact face 
7 of the Newton polyhedron, the polynomial equation p.y = 0 defines 
a smooth hypersurface in the complement of the set 0 : 10:2 ■ ■ - Xn = 0 . 
The effective Weil divisor P on X is said to be non-degenerate, if the 
G-semiinvariant polynomial p dehning D in is non-degenerate. 

For any effective Weil divisor D there exists the fan A depending on 
Newton polyhedron F_|_((y9) such that Tat (A) is a smooth variety and 
a toric birational morphism T/v(A) —)• C” is a resolution of non¬ 
degenerate singularities of D. So, 7 is said a partial resolution of the 
pair {X, D). In particular, if P is a non-degenerate boundary, then is 
a toric log resolution of the pair (A, P). If {X 3 P) is a smooth variety, 
then this statement was proved in the paper [2^. Note that the proof 
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from the paper Bn is rewritten immediately in our case, if we will use 
our Newton polyhedron instead of standard Newton polyhedron. 

The next theorems 12.81 and 12.101 are criteria of the characterization 
of toric pit and canonical blow-up respectively. They explicitly show a 
nature of non-toric contractions. 

Theorem 2.8. Let f: {Y,E) {X 3 P) be a pit blow-up of Q- 
factorial toric singularity, and let f{E) be a toric subvariety. Then f is 
a toric morphism if and only if there exists an effective non-degenerate 
Weil divisor D on {X 3 P) and a number d > 0 with the following 
properties: 

1) a{E, dD) = —1; 

2) E is a unigue exceptional divisor of (X, dD) with discrepancy 
< —1 and \-dD_i = 0. 

Proof. First let us prove the necessary condition. Let Dy G | — n(iFy-|- 
£^)| be a general element for n S> 0. Put D = fiDy) and d = -. 
Then Ky -\- E + dDy = f*{Kx + dD) is a pit divisor. Since Dy is 
a general divisor by construction, then D is an irreducible reduced 
non-degenerate divisor. 

Finally let us prove the sufficient condition. Consider the toric log 
resolution ip: Z ^ X oi {X,dD). Write 

Kz dDz -\- aiEi = f)* (^Kx + dD^. 

By theorem assertion (Z, dDz ^i^i) is a ph pair. Therefore E C 
Exc'0- Considering corresponding fans we have '0 = "02 oV'i up to toric 
log flips, where ipi, '02 are toric divisorial contractions, and E = Ex.cipi. 
By remark 11.91 (point 5) / and fji are isomorphic. □ 

Remark 2.9. It is obvious that theorem 12.81 implies Shokurov’s crite¬ 
rion on the characterization of toric varieties for divisorial contractions 
/: X —)■ (Z 3 F), where Z has Q-factorial singularities and provided 
that MMP exists (see HB Section 18]). Note that we cannot require 
the existence of MMP, when X is Q-factorial. 

Theorem 2.10. Let f: {Y, E) ^ {X 3 P) be a canonical blow-up ofQ- 
factorial toric singularity, and let f{E) be a toric subvariety. Then f is 
a toric morphism if and only if there exists an effective non-degenerate 
Weil divisor D on (X 3 P) and a number d > 0 with the following 
properties: 

1) a{E, dD) = 0; 

2) {X,dD) has canonical singularities and \_2dD_i = 0. 
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Proof. First let us prove the necessary condition. Let Dy G | — nKyl 
be a general element for n ^ 0. Put D = fiDy) and d = -. Then the 
divisor Ky + dDy = f*{Kx + dD) has canonical singularities. Since Dy 
is a general divisor by construction, then D is an irreducible reduced 
non-degenerate divisor. 

Finally let us prove the sufficient condition. Consider the toric log 
resolution -0: Z —)■ X of {X,dD). Write 

Kz + dDz + 'y ^ ciiEi = Ip i^Kx + dP^. 

By theorem assertion (Z, dDz + X] ^i^i) is a terminal pair. Therefore 
E C Exc ^p. Considering corresponding fans we have '^ = V ’2 ° V’l up 
to toric log flips, where fji, "02 are toric divisorial contractions, and 
E = Exc "01. By proposition 11.11 f and V’l are isomorphic. □ 

Definition 2.11. The subvariety Y is said to be a non-toric subvariety 
of the pair {X, D), if there is not any analytic isomorphism of X such 
that {X, D) is a toric pair and E is a toric subvariety. 

Example 2.12. Consider the toric variety X = ¥xj^x 2 X 3 {^,‘^,^)- 

1) Let D = 0. The point P is a non-toric subvariety of {X, D) if 
and only if P = (0 : 1 : a), where a 7 ^ 0. The irreducible curve 
C is a non-toric subvariety of (X, P) if and only if C 7 ^ {xi = 0}, 
C 7 ^ {x 2 + ax\ = 0} and C 7 ^ { 0:3 -|- ax 2 X\ -|- hx\ = 0}. 

2) Let D = {xi = 0} -f {x 2 = 0}. The point P is a non-toric 
subvariety of (X, P) if and only if P = (0 : 1 : a), where a 7 ^ 0. The 
irreducible curve C is a non-toric subvariety of (X, P) if and only if 
C 7 ^ {xi = 0}, C 7 ^ {x 2 = 0} and C 7 ^ { 0:3 -|- 0 x 2 X 1 + bx\ = 0}. 

3) Let P = {xi = 0} -I- {x 2 = 0} -I- { 0:3 = 0}. The point P is a non- 
toric subvariety of (X, P) if and only if P 7 ^ (1 : 0 : 0), P 7 ^ (0 : 1 : 0) 
and P 7 ^ (0 : 0 : 1). The irreducible curve C is a non-toric subvariety of 
(X, P) if and only if C 7 ^ {xi = 0}, C 7 ^ {x 2 = 0} and C 7 ^ { 0:3 = 0}. 

Next theorems 12.131 and 12.141 are two-dimensional analogs of main 
theorems. Their proofs clearly describe the main method used in this 
paper. 

Theorem 2.13. [22] Let f: (Y,E) {X 3 P) be a pit blow-up of 
two-dimensional toric singularity. Then f is a toric morphism. 

Proof. A two-dimensional toric singularity is always Q-factorial [18] . 
Let / be a non-toric morphism (up to analytic isomorphism). Let 
Dy G I — n{Ky E)\ is a general element of n 3> 0. Put Dx = f{Dy) 
and d = A Then {X,dDx) is a log canonical pair, a{E,dDx) = —1 
and P is a unique exceptional divisor with discrepancy —1. 
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By criterion 12.81 there exists a toric divisorial contraction g: Z ^ X 
with the following properties. 

A) The exceptional set Exc g = S is a.n irreducible divisor {S = P^), 
the divisors S and E define the different discrete valuations of 
the function held K{X). 

B) By r denote the center of E on S. Then the point T is a 
non-toric subvariety of Z. In the other words, T is a non-toric 
subvariety of the toric pair (S', Diffs'(O)). 

Condition B) implies that the surface Z has the two singular points 
Pi and P 2 , which lie on the curve S. Also T is a non-toric point of 
(^,Diffs(0)) ^ (F\ ^Pi + ^^ 2 ), where ni > 2,n2 > 2. Write 

Kz + dDz + aS = g* (iCx + dDx ), 
where a < 1. Hence 

a[E, S -|- dDz) < a(^E, aS + dDz) = —1- 

Therefore Kz + S' -|- dDz is not a log canonical divisor at the point T 
and is an anti-ample over X divisor. Hence, by inversion of adjunction, 
Ks + DiSs{dDz) is not a log canonical divisor at the point T and is an 
anti-ample divisor. We obtain the contradiction 

0 > deg (Ks + BiSsidDz)) > -2 + + 1 > 0. 

ni n2 

□ 

Theorem 2.14. [16] Let f: (Y, E) (X 3 P) be a canonical blow-up 
of two-dimensional toric singularity. Then (X 3 P) is a smooth point, 
and f is a weighted blow-up with weights (l,a). 

Proof. Theorem assertion implies that {X 3 P) is a terminal point, 
therefore it is smooth. 

Assume that f is a toric morphism, then / is a weighted blow-up of 
the smooth point with weights (/3, a). Since Y is Du Val surface, then 
a = 1 or /3 = 1. 

Let / be a non-toric morphism (up to analytic isomorphism). Let 
Dy G I — nKyl be a general element for n 3> 0. Put Dx = fiDy) and 
d = -. The pair (X, dDx) has canonical singularities and a(E, dDx) = 

0 . 

By criterion 12.101 there exists a toric divisorial contraction g: Z ^ X 
with the following properties. 

A) The exceptional set Exc g = S is an irreducible divisor (S = P^), 
the divisors S and E define the different discrete valuations of 
the function field /C(X). 
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B) By r denote the center of E on S. Then the point T is a 
non-toric snbvariety of Z. In the other words, T is a non-toric 
snbvariety of the toric pair (S', Diff5(0)). 

Condition B) implies that the snrface Z has the two singnlar points 
Pi and P 2 , which lie on the cnrve S. Also T is a non-toric point of 
(^,Diff5(0)) = (P\ + ^P 2 ), where m > 2,n2 > 2. Write 

Kz + dDz + S = g*{Kx + dDx) + (a(S, dDx) + 1)S, 

where a(S, dDx) > 0. Since S is (locally) Cartier divisor at the point 
r, then 

a(^E, S + dDz) < a[E, dDx) — 1 = —1- 

Therefore Kz + S + dDz is not a pit divisor at the point T and 
is an anti-ample divisor over X. Hence, by inversion of adjunction, 
Ks + DiSs{dDz) is not a kit divisor at the point T and is an anti- 
ample divisor. We obtain the contradiction 

0 > deg (Ks + Diff 5 (ciT)^)) > -2 + — - - + — — - 1 > 0. 


Example 2.15. Theorems 12.131 and 12.141 cannot be generalized in di¬ 
mension at least three for divisorial contraction to a point. Consider 
the blow-up g\ Z ^ {X 3 P) with the weights (1,..., 1), where (X 3 
P) = (C”j 3 0) and consider the divisors D = {x\ -f ... -f = 0}, 

T* = {xi = 0}, where i = 1,... ,n and n > 3. The exceptional set 
Exc^f = S' is isomorphic to Q = S O Dz is a smooth quadric. 

Let g: Z ^ Z he the standard blow-up of the ideal Iq. By base point 
free theorem [9] the linear system \mD^\ gives a divisorial contraction 
ip: Z ^ Y, which contracts the divisor = P*^”! for m ^ 0. Since 
the divisor ~ has log canonical singularities, 

then by Shokurov’s criterion on the characterization of toric varieties 
for divisorial contractions to a Q-factorial singularity m Chapter 18], 
the morphism ip is toric. Hence Y has only one singularity and its 
type is ^ Let I be a straight line in a general position in 

S^. Considering (p we have - I = —m, and considering g o'g we have 
■ I = —3, hence m = 3. 

We obtain a non-toric divisorial contraction f:Y^ {X 3 P). The 
variety Y has only one singularity and its type is |(1,..., 1). Thus, if 
n > 4, then H is a terminal variety, and if n = 3, then H is a canon¬ 
ical non-terminal variety (cf. [6]). The blow-up / is a pit one, since 
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the exceptional set Exc / is a cone over a smooth (n — 2)-dimensional 
qnadric. 

We will apply the following special case of (hypothetical) Shoknrov’s 
criterion on the characterization of toric varieties. 

Proposition 2.16. Let f: {X,D) {Z 3 P) be a small contraction 
of the Q-factorial threefold X. Assume that D = where Di 

is a prime divisor for each i. Assume that Kx + D is a log canonical 
divisor, —{Kx + D) is a f-nef divisor and Exc f = C is an irreducible 
curve (p{X/Z) = 1). Then r < 4. Moreover, the equality holds if and 
only if the pair {XfZ 3 P, D) is analytically isomorphic to a toric pair, 
in particular, Kx + D ~ 0/Z. 

Proof. If the pair {XjZ 3 P,D) is analytically isomorphic to a toric 
pair, then all statements immediately follow from the description of 
toric log flips [21]. Let r > 4. Let the divisor Kx + D' he a Q- 
complement of Kx + D. It exists, since we can add to the divisor 
D the necessary nnmber of general hyperplane sections of X. So, by 
abnndance theorem m Theorem 8.4], the Q-complement D' reqnired 
is constructed for our contraction {X/Z 3 P,D). 

Put D' = YhdiD'i- We will prove that D' = D. For any Q-Weil 
divisor B = J^biBi we define ||i?|| = Put 

Dhor _ diD' and ^ diDf 

i: DCOO i: DrC<0 

Let f~^: X~^ -3 Z he a log flip of / and Exc f~^ = C~^. 

Lemma 2.17. [23l Lemma 2.10] We have = 2. 

Hence, D = D'. Moreover, C (fi SuppZl^°'', (7+ Supp(Zl''®''*)+ and 

D{ - C ^ 0 for all i. 

Proof. Since Kx + D is a log canonical divisor, then < 2. Since 

Kx+ + is a log canonical divisor, then ||Z1^“|| < 2. The statements 
remained are obvious. □ 

Let S be an irreducible component of the divisor 
F = D — S. The divisorial log contraction {S, Diff 5 (F)) -3 {f{S) 3 P) 
is a toric one by two-dimensional Shokurov’s criterion on the charac¬ 
terization of toric varieties [2^ Theorem 6.4]. In particular, it is ana¬ 
lytically isomorphic to a toric blow-up of cyclic singularity. Thus, the 
singularities of X are toric by three-dimensional Shokurov’s criterion 
on the characterization of toric varieties for Q-factorial singularities m 
Chapter 18]. Replacing X by it can be assumed that —{Kx + S) 
is a /-ample divisor and S ■ C < 0. 
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In order to prove the proposition we will apply some modification, 
which is a toric one by its nature. After it we will get some small con¬ 
traction, which is analytically isomorphic to a small toric contraction 
(see example 12.21 2ih Therefore the initial contraction will appear a 
toric one. 

Now, taking toric blow-ups of X and X~^, it can be assumed that S 
and are smooth surfaces, and X, X~^ are smooth varieties outside 
the curves C and respectively. 

We can assume that X is a smooth variety. Indeed, let X and X^ 
be non-smooth varieties along the curves C and respectively. Then 
X is isomorphic to ^(1,1) x C in some small analytical neighborhood 
of C, and X+ is isomorphic to —(1,1) x in some small analytical 
neighborhood of [T^ Lemma 3.9]. To be definite, assume that 
Kx ■ C > 0. Consider the toric log resolution of singularities 'ip: X ^ 
X, where Exc'0 = Then we have one of two cases: if) the proper 
transform of C is the contractible section of the exceptional surface 
Fm (i.e. m > 0), and therefore we can assume that X is a smooth 
variety or i2) m = 0, mi = m 2 = 2, Kx • C* = 0, and there exists the 
divisorial contraction X —)■ X^ which contracts the surface Fq onto . 
Consider case i2). Note that {Z 3 P) is not a Q-factorial canonical 
non-terminal singularity, and {Di + D 2 ) ■ C = + D^) • C = 0 up 

to permutation of components of D. Hence Li and L 2 are Q-Cartier 
divisors, where Li = f{Di) + /(T* 2 ) and L 2 = f{D^) + /(T* 4 ). Since 
Kz + Li + L 2 is a log canonical pair, then Li, L 2 are not Cartier 
divisors, and the singularity (Z 3 P) has an index > 2. Let us consider 
the canonical cover v. {Z' 3 P') [Z 3 P), then there exists the 
following commutative diagram: 



{Z'3P')^^ {Z3P), 

where X' is a smooth variety. Thus we can assume that X is a 
smooth variety. 

Since —Ks is a /-ample divisor, then /: S' —)• /(S') is the contraction 
of the (-1) curve C and {Kx + S) ■ C = —1. We have S ■ C = —m, 
Kx ■ C = m — 1 for some m G Z>i. 

Let m > 2. Using the natural section of Ox{S) we can construct a 
degree m-cyclic cover ip: X ^ X ramified along S (cf. [TTl Theorem 

5.4]). Let C = ip~^{C) and let Z be the normalization of Z in the 
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function field of X. Let f: X ^ {Z 3 P) he the induced contraction 
of the curve C. By ramihcation formula 

K^-C = if* (Kx + ■C = Kx-C + -0 = 0. 

\ m / m 

Thus we can assume that / is a small flopping contraction with 
respect to Kx {Kx -0 = 0), that is, we can assume that m = 1. 

Let m = 1. Since the minimal discrepancy of three-dimensional 
terminal non-cDV singnlarity is strict less than 1, then {Z 3 P) = 
{g = 0 C. (C^,0)) is an isolated cDV (terminal) singularity. Note that 
{Di + D 2 ) ■ C = {D^ + Di) ■ C = 0 up to permutation of components 
of D. Hence Li and L 2 are Cartier divisors, where Li = f{Di) + 
/(D 2 ) and L 2 = /(L^s) + /{D^). By Bertini theorem [T21 Theorem 
4.8] the pair {Z 3 P,H + Li) is log canonical for any i = 1, 2, where 
PI is a. general hyperplane section passing throngh the point P. By 
inversion of adjunction, {H 3 P,Li\H) is a log canonical pair. Thus, 
the classihcation of two-dimensional log canonical pairs m implies 
that {H 3 P) is a cyclic singularity at the point P, that is, it has type 
Afc. By the paper [5] or the paper [7j the singularity {H 3 P) is of type 
Ai. Thus 

{Z3 P) = {xy + z^ + t^^ = 0C (C^ 0)) 

and f{D) = {x = h]\z + {y = 0}|z. Since {Z 3 PJ{D)) is a log 
canonical pair, then we can take the weighted blow-np of (C*^, 0) with 
the weights (/, /, 1, 1) and obtain I = 1. This completes the proof. □ 

Remark 2.18. It is obvious that proposition 12.161 implies Shoknrov’s 
criterion on the characterization of toric varieties for three-dimensional 
divisorial contractions f: X ^ {Z 3 P), if p{P) = 1, where p{P) is a 
rank of local analytic gronp of Weil divisors at the point P. 

3. Three-dimensional blow-ups. Case of curve 

Example 3.1. Now we construct the examples of three-dimensional 
non-toric pit blow-ups /: {Y, E) ^ {X 3 P) provided that {X 3 P) is 
a Q-gorenstein toric singularity, dim/(A) = 1 and the cnrve C = f{E) 
is a toric subvariety. Depending on a type of {X 3 P) we consider two 
cases Al) and A2). 

Al). Let {X 3 P) he a Q-factorial toric singnlarity, that is, 
{X 3 P) = (C^ 3 0)/G, where G is an abelian gronp acting freely 
in codimension 1 [18]. All pit blow-nps are constrncted by the proce- 
dnre illustrated on the next diagram: 
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Let go: (Zq, Sq) —>■ (X 3 F) he a toric blow-up, where Excgo = Sq is 
an irreducible divisor and go(So) = C. Let iL be a general hyperplane 
section passing through the general point of C. The morphism go 
induces a weighted blow-up Hz^ H with weights (^ 1 ,^ 2 ) and these 
weights define go completely. The morphism ^folsp: S'o —)• C is a toric 
conic bundle with irreducible fibers (see [22l Chapter 7]). By Fo denote 
the (central) fiber over the point P. Then 


tci — 1 — d — 1^ 

Diffso(O) =- Eq -\ -—— Eq H- - — Fo, 


Wi 


W2 


d 


where E^, Eq are the corresponding sections of conic bundle and d G 
Z>i. 

Assume that there exists a curve Tq C S'o with the following two 
properties: 1) Ksq + Diff 5 Q( 0 ) -|- Tq is a pit and ^fQ-anti-ample divisor; 
2) the curve Tq is a non-toric subvariety in any neighborhood of the 
(compact) fiber Fo for the toric variety Zq (that is, the curve Tq is 
a non-toric subvariety of (S'o, Diff5g(0)) in any neighborhood of Fq). 
Inversion of adjunction and the classification of two-dimensional singu¬ 
larities imply that Tq is a toric subvariety of Zo in some neighborhood 
of the point Fq fl Tq. Moreover, considering the general fiber over a 
general point of C we obtain tci = 1 or ^2 = 1- The morphism ho 
can be any toric blow-up of the curve Tq. Note that (S'o)yo = S'o, 
and therefore there exists the contraction of (S'o)yo onto a curve (over 
X). This contraction is denoted by hg in our diagram. By Shokurov’s 
criterion on the characterization of toric varieties for Q-factorial singu¬ 
larities (see remark [23]), hg is a toric contraction (a required boundary 
is obviously induced from X to apply the criterion). In particular, the 
singularities of Zi are Q-factorial and toric. We obtain a non-toric pit 
blow-up gi: (Zi,Si) —)■ (X 9 P), where S'! = Exc^fi and gi{Si) = C. 
Let Ti C S'! be a curve having the same properties as the curve Tg 
(index 0 is replaced by index 1). We repeat the above mentioned pro¬ 
cedure and obtain a non-toric pit blow-up g 2 : {Z 2 , S 2 ) —>■ (X 3 P), 
where S '2 = Ex.cg 2 and g 2 {S 2 ) = C. The contraction hj is also toric (a 
required boundary is obviously induced from Zg to apply the criterion). 
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Thus, the existence of curves T^ C S'^ having the same properties as the 
curve To for all /c = 1 ,..., n — 1 allows us to construct a non-toric pit 
blow-up Qn'. {Zn, S'„) ^ (X 3 P) , where S'„ = Exc^f^ and gn{Sn) = C. 
Note that all contractions are toric, and the singularities of Zk are 
Q-factorial and toric. The surface Sn is (locally) a toric conic bundle 
with irreducible fibers, and the divisor Diff 5 '^( 0 ) has the same structure 
as the divisor Diff 5 (,( 0 ). In particular, (S'n, Diff 5 ^( 0 )) is a toric pair. 

A2). Let {X 3 P) be a non-Q-factorial terminal toric three- 
dimensional singularity, that is, {X 3 P) = ({ 0 : 10:2 + 0 : 30:4 = 
0} C (^^ 1 ^ 22 , 33 , 4 , 0 )) by proposition 12.31 Consider a Q-factorialization 
g: X ^ X and let T = Excg. We apply the above mentioned con¬ 
struction of non-toric pit blow-ups for the curve (toric subvariety) 
C C {X 3 P), where P = T H C. As a result we obtain a non- 
toric pit blow-up gn- Zn ^ X. Let iIj: Z^ Z^ be a log flip for 
the curve Tz^- By criterion on the characterization of toric log flips 
fproposition I2.16p . the log flip -0 is toric (a required boundary is ob¬ 
viously induced from X to apply the criterion). Thus, we obtain a 
non-toric pit blow-up g^\ (Z+,S'+) -3 {X 3 P), where = Exc^f^ 
and ( 7 +(5+) = C. The morphism ( 7 +|^+ : S',)" —)■ C is a toric conic bun¬ 
dle with the single reducible fiber F over the point P /C) = 2). 
Therefore P = Pi -|- P 2 and 


Diffs(O) = 


di 


1 „1 (^2 


di 




1 d'i 

-E^ + 


d? 


X, + 


dd 


where Pq, Pq are the corresponding sections of conic bundle and di G 
Z>i for all i. The pair (S',)", Diff_5+(0)) is toric. 


Example 3.2. 1) Let us describe the toric canonical blow-ups 
g: {Z, S) ^ {X 3 P) provided that {X 3 P) is a Q-factorial toric 
terminal singularity, dim 5 f(S') = 1 and the curve C = g{S) is a 
toric subvariety. Assume that Excg is an irreducible divisor. Thus, 
{X 3 P) = (C|j 3 , 2 a ,3 3 0)/Zr(—1, —g, 1) and gcd(g,r) = 1. Let a be 
the cone dehning the singularity {X 3 P) (see example 12.21 li). By w 
denote the primitive vector determining the blow-up g. Put = ei, 
62 = 62 and 63 = ei-|-ge 2 + re 3 . Then w = Wie[-{-W 2 e'j for some indexes 
i < j and numbers Wi, W 2 G Z>i. We have Z = T/v(A) and 

A = {(efc,e',u;), (e'^, e', w), their faces}, 

where /c is a third index differing from the indexes i and j. Theorem 
12.141 implies that wi = 1 or W 2 = 1- The following statement is true. 

For the toric germ {X 3 P, C) considered there exists some toric 
canonical blow-up with the center C if and only if there exists some 
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two-dimensional toric subvariety T C {X 3 P) such that C <Z T 
and (T 3 P) is Du Val singularity. Moreover, a toric blow-up with 
the center C is a canonical blow-up if and only if Kz + Tz ~ 0/X 
{a{S,T) = 0), that is, Tz is Du Val elephant of g. 

Using the statement it is easy to give the complete description of 
toric canonical blow-ups. Up to permutation of the coordinates xi, X 2 , 
X 3 we must consider the two cases only: I) C = {xi = X 2 = Oj/Z,., 
w = e[ + 10262 and II) C = {x 2 = X 3 = Oj/Z^, w = Wie '2 + 63 . In 
every case, T = {x 2 = Oj/Z^. The variety Z is covered by two charts 
with the singularities of types ^(— 1 , qw 2 , 1 ), ^^(“1 + UW 2 , —UW 2 , 1 ) in 
case I and ^(—1, —Wi — q, 1), —uwi — 1,1) in case II, where 

uq + vr = 1 and u,v G Z. By theorem 12.51 the variety Z has canonical 
singularities. In particular, Q G CS(V) if and only if r > 2, where Q 
is the zero-dimensional orbit corresponding to the second singularities 
written in cases I and II. 

The statement is proved by direct calculation. Let us show it in the 
case C = {xi = X 2 = Oj/Z^. The remaining cases are considered in 
the same way. By the above, w = wic) -f- 63 , r > 3, q > 2, wi > 2. 
The variety Z is covered by two charts with the singularities of types 
- 1,1), liqwi - 1, -q, 1). The hrst singularity is not a 
canonical one by theorem 12.51 

2) Notation is as in the previous point. Now we will construct the 
examples of non-toric canonical blow-ups (they will be non-terminal 
blow-ups always) with the center C. For the canonical blow-up 
g: {Z, S') —)■ (X 3 P) considered, we assume that there exists a curve 
T such that T is a non-toric subvariety of (S', Diff5(0)) in any neigh¬ 
borhood of the hber F {F is a hber over the point P), and T does 
not contain any center of canonical singularities of Z. Assume that 
— {Ks -l- Diff5(0) -|- T) is an ample divisor. By the above (point 1)) we 
have r = 1, that is, (X 3 P) is a smooth point. By adjunction for¬ 
mula, T is a smooth curve, Q = T fl F is a zero-dimensional orbit and 
T ■ F = where ri is the index of singularity of the surface S at the 
point Q. It is obvious that there exists Du Val element Q,z G | — Kz\ 
such that ^z\s = T-l-F {giVtz) is given by some equation Xj^ +xf^ = 0). 

By theorem 11.61 for any weights (/Si, 1) there exists a divisorial con¬ 
traction h\ {Y,E) -3 {Z D r) such that 

al) Exch = F is an irreducible divisor and h{E) = T; 

a 2 ) morphism h is locally a toric one for a general point of the curve 

r; 
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a3) if if is a general hyperplane section passing throngh a general 
point Qi G r, then h indnces a weighted blow-np of the smooth point 
(if 3 Qi) with the weights (/5i, 1); 

a4) h*S = S + E and h*nz = % + fhE. 

Apply ify + fly + eS'-MMP. Since p{Y/X) = 2 and ify +fly ASS' = 
eS over X, then after some log flips Y Y we obtain the divisorial 
contraction h' \ Y -3Y which contracts the proper transform S of S. 

Thns we obtain a reqnired non-toric blow-np /: {Y, E) ^ [X 3 
P), where Exc/ = E is an irredncible divisor and f{E) = C. Since 
Ky + fly = f*{Kx + fl), a{S, fl) = 0, where fl = 5'(flz), then / is a 
canonical non-terminal blow-np. 

3) Let (X 3 P) he a non-Q-factorial terminal toric three-dimensional 
singnlarity, that is, {X 3 P) = {{xiX 2 + X 3 X 4 = 0} C {^tix 2 X 3 XAi^))- 
Let C be a cnrve, which is a toric snbvariety of (X 3 P). Consider a 
Q-factorialization g: X ^ X and let T = Exc g. We apply the above 
mentioned construction of non-toric canonical blow-ups for the curve 
(toric subvariety) C G {X 3 P), where P = T H C, and we obtain a 
non-toric canonical blow-up f:Y -3 X. Let Y Y~^ be a log flip for 
the curve Ty. Thus we obtain a required non-toric canonical blow-up 
/+: {Y+,E+) ^ {X 3 P), where E+ = Exc/+ and /+(E+) = C. 

Note that the construction from point 2) can be immediately ap¬ 
plied for (X 3 P). For simplicity, we explain this assertion by the 
following way. Let g : (Z, S') —)■ (X 3 P) be a toric canonical blow-up 
obtained at the hrst step of construction. Let ip: Z — -*■ Z+ be a log 
flip for the curve Tz- By criterion on the characterization of toric log 
flips (proposition [ 2 IT 6 ]), the log flip pj is toric (a required boundary is 
obviously induced from X to apply the criterion). Thus we obtain a 
toric canonical blow-up g~^ : -3 {X 3 P). Now the construc¬ 

tion is rewritten without any changes {g{VLz) is given by some equation 
= 0, where {A, k} = {1, 2} or {3,4}). 

Theorem 3.3. Let f: (Y, E) -3 {X 3 P) be a pit blow-up of three- 
dimensional toric terminal singularity, where dim f{E) = 1. Assume 
that the curve C = f{E) is a toric subvariety of {X 3 P). Then, either 
f is a toric morphism, or f is a non-toric morphism and described in 
example 13.11 

Proof. By example 13.11 we must only consider the case, when (X 3 P) 
is a Q-factorial singularity. Let / be a non-toric morphism (up to 
analytic isomorphism). Let Dy G | — n{Ky -h E)\ be a general element 
for n 0. Put Dx = f{Dy) and d = A The pair {X,dDx) is log 
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canonical, a{E, dDx) = —1, and E is a. nnique exceptional divisor with 
discrepancy —1. 

By the construction of partial resolution of {X, dDx) (see dehnition 
12.71 and the paper [2^) and by criterion 12.81 there exists a toric divisorial 
contraction g: Z ^ X such that it is dominated by partial resolution 
of (X, dDx) (up to toric log flips), and it has the following properties. 


A) The exceptional set Excg = S' is an irreducible divisor, the 
divisors S and E define the different discrete valuations of the 
function held /C(X), and g{S) = C. 

B) By r denote the center of E on the surface S. Then the curve 
T is a non-toric subvariety of Z. In the other words, T is a 
non-toric subvariety of (S, Diff5'(0)). 


By example 13.11 (in its notation) we must prove only that the anti- 
ample over X divisor Ksi + Diff5',(0) -|- Tj is a pit one in some neigh¬ 
borhood of the fiber T) C Si over the point P for all i. Let H' 
be a general hyperplane section passing through a general point Q 
of C. Consider the pair {H' 3 Q,dDx\H')- By theorem 12.131 the 
blow-up 77^, -3 El' induced is toric. Since the anti-ample divisor 


K 




S, 


i\H' 


+ Diffj^/ idD 


) is not a log canonical one at some 
smooth point of the surface Si, then a{Si, dDx) < 0. 

Assume that Ks^ + Diff5.(0) -|- T, is not a pit divisor. By ad¬ 
junction formula, the curve T* is smooth. By connectedness lemma 
775.-|-Diff5.(0)-|-ri is not a pit divisor at a unique point, and denote this 
point by Gj. The point G* is a non-toric subvariety of (S'*, Diff5,(0)). 
Moreover, the curve T* is locally a non-toric subvariety at the point 
Gi only. By the construction of partial resolution ^7\ (in a small 
neighborhood of the point Gi) there exists a divisorial toric contraction 
'gi'. Zi ^ Zi such that Exc^j = S'" is an irreducible divisor, 'g{S'') = Gi 
and the two following conditions are satisfied. 

1) . Put S' = (Si) 2 . and Gi = S' fl S". Let c(rj) be the log canonical 
threshold of Tj for the pair (S',, Diff5.(0)). Then dils'E- S'i -3 Si is the 
toric inductive blow-up of -|- Diff 5 .( 0 ) -|- c(rj)rj (see theorems 11.101 
and I2.13|) . and the point Gj = G, fl (rj)^/ is a non-toric subvariety of 
(S'',Diff5,K0)). 

2) . The divisor DiSs^'idD^. + a{Si,dDx)Sl) is a boundary in some 

small analytical neighborhood of the point G*. 

Let 77 be a general hyperplane section of sufficiently large degree 
passing through the point P such that it does not contain the curve G. 
Then there exists a number h > 0 such that a(S'', dDx+hH) > —1, and 
the point Gi is a center of (S'", Diff5»((777^ -|- a{Si,dDx)S'^ + hH^))- 
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Therefore we obtain a contradiction for the pair (S'", Diff 5 »((iZi)^ + 
a(Sj, dDx)S[ + hH^)) and the point Gi by theorem 14.11 □ 

We have proved the next theorem too. 

Theorem 3.4. Let f: (Y, E) ^ {X 3 P) he a pit blow-up of three- 
dimensional toric Q-factorial singularity, where dim f{E) = 1. Assume 
that the curve C = f{E) is a toric subvariety of {X 3 P). Then, either 
f is a toric morphism, or f is a non-toric morphism and described in 
example 13.11 

Theorem 3.5. Let f: {Y,E) -3 {X 3 P) be a canonical blow-up of 
three-dimensional toric terminal singularity, where dim f{E) = 1. As¬ 
sume that the curve C = f{E) is a toric subvariety of {X 3 P). Then, 
either f is a toric morphism, or f is a non-toric morphism and de¬ 
scribed in example 

Proof. Let / be a non-toric morphism (up to analytic isomorphism). 
Let Dy G I — nKyl be a general element for n S> 0. Put Dx = 
fiDy) and d = ^. The pair {X,dDx) has canonical singularities and 
a{E, dDx) = 0. Now the proof of theorem l3.3l can be obviously applied 
in this case, and we obtain a(S, dDx) = 0, this completes the proof. □ 

Corollary 3.6. Under the same assumption as in theorem 13.51 the two 
following statements are satisfied: 

1) m if f is a terminal blow-up, then f is a toric morphism; 

2) if f is a non-toric morphism, then Kx is Cartier divisor, that is, 
either {X 3 P) is a smooth point or {X 3 P) = {{xiX 2 + X 3 X 4 = 0} C 

(C^1X2X3X4>0))- 


4. Toric log surfaces 

Theorem 4.1. Let {X,D) be a toric pair, where X is a normal pro¬ 
jective surface with p{X) = 1. Assume that D = where Di 

is a prime divisor and | < d* < 1 for each i. Assume that there exists 
the boundary T such that T > D, and —{Kx + T) is an ample divisor. 
Assume that some point V is a center of LCS{X,T), and there exists 
the analytical neighborhood U of V such that Kx +T is a log canonical 
divisor in the punctured neighborhood U\r. Then the point T is a toric 
subvariety of {X, D). 

Proof. Let the point T be a non-toric subvariety of {X,D). We will 
obtain a contradiction. It is clear that this theorem is sufficient to 
prove in the case d* = | for all i. 
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Since —{Kx + T) is an ample divisor, then replacing T by some 
divisor we can assume that LCS(X, T) fl f/ = F. Hence, connectedness 
lemma implies that LCS(X, T) = F. 

The toric projective surface X (with Picard number p{X) = 1) is 
determined by the fan A in the lattice N = 1?, where 

A = {(ni,n 2 ), (^ 2 ,^ 3 ), (ni,ns), their faces}. 

Thus, surface X has at most three singular points. If the number of 
singularities is less than or equal to two, then there exists an isomor¬ 
phism of the lattice N such that ni = (1, 0), n 2 = (0,1), and therefore 

— ^P*a:iX2a;3 (®1) !)■ 

Suppose that the point F is a non-toric subvariety of (A, D'), where 
D' = D — ^Dj = \Di- Then the divisor D can be replaced by 
the other divisor D' < D. Therefore we have the four possibilities for 
the pair (X, D) and the point F. 

A) . X has three singular points and D = 0. In this possibility 
F ^ Supp(SingA). 

B) . F ^ Di^ U Di^, where A 7 ^ ^ 2 - To be dehnite, let Di^ — Di^ be a 
nef divisor. 

C) . X has two singular points, that is, X = P(ai, 02 ,1), where ai > 3 
and 02 > 2. Let F = (6 : 1 : 0), where 6 7 ^ 0. 

D) . X = P(ai,a 2 ,l), D = \{xi = 0} -|- ^{x 2 = 0}, Oi > 2 and 
02 > 1. Let F = (1 : 0 : 6 ), where 6 7 ^ 0. 

Possibility B) is impossible, since LCS(A, T—= FUZi)i 2 , 
that is, we have the contradiction with connectedness lemma. Possi¬ 
bility D) is impossible, since LCS(A,T — \{xi = 0} -|- {xs = 0}) = 
P U {x 3 = 0}, that is, we have the contradiction with connectedness 
lemma. Consider possibility C). Write T = o{x 3 = 0} -|- T', where 
{x 3 = 0} ^ Supp(T') and 0 < o < 1. The divisor Kx + {^3 = 0} -|- T' 
is not log canonical at the point F, therefore by inversion of adjunction 
we have ({X 3 = 0} ■ T')^ > 1. We obtain the contradiction 

1 < ({13 = 0}. r% < {13 = 0}. (-Ax) = + < 1. 

Consider possibility A). Let /: (Y,E) ^ (A 3 F) be an inductive 
blow-up of (A, T) (see theorem 11.101) . By theorem 12.131 the morphism 
/ is a weighted blow-up of smooth point with weights (ai,Q; 2 ). Write 
KY + E + Ty = r{Kx + T). 

Lemma 4.2. The divisor Kx has a 1-complement such that F is 
a center 0 /LCS(A, H’*"). 
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Proof. The divisor Ky + -E + (1 — 5)Ty is pit and anti-ample for 0 < 
5 1. Since p{Y) = 2, then the cone NE(y) is degenerated by two 

extremal rays. By and R 2 denote these two rays. To be definite, 
let Ri gives the contraction /. If —{Ky -|- E) is a nef divisor, then a 
1-complement of Ke + DiffE(O) = Ke + + ^^-^2 is extended 

to a 1-complement of Ky + E\yy proposition 11.171 therefore we obtain 
the reqnired 1-complement of Kx by proposition 11.151 

Consider the last possibility: {Ky + E) ■ R 2 > 0, Ty ■ R 2 < 0. Let 
L{6) e I —n{Ky + E + {l — 6)Ty) \ be a general element forn 3> 0 and let 
M = {1 — 6)Ty + ^L{6) , where 5 > 0 is a snfficiently small hxed rational 
nnmber. By constrnction, Ky + E+{l+e)M = eM, Ky + E + {l + e)M 
is a pit divisor. Therefore, applying {Ky -|- E -|- (1 -|- e)M)-MMP is a 
contraction of the ray R 2 for 0 < e <C 1. The corresponding divisorial 
contraction is denoted hy h: Y —)■ X, and the image of E on the 
snrface X is denoted by E, pnt Exch = Cy and Cx = /{Cy). The 
divisor Kj^ -|- E is pit and anti-ample. Therefore, if 1-complement of 
K-^ -|- Diff;g(0) exists, then we consistently apply theorems 11.17111.161 
and 11.151 and obtain the reqnired 1-complement of Kx- 

Snppose that there does not exist any 1-complement of K^ + 
Diff;g(0). It is possible if and only if there are three singnlar points of 
X lying on the curve E. It implies that cti > 2, 0:2 > 2, the curve Cy is 
contracted to a cyclic singularity, and the curve Cx passes through at 
most one singularity of X (see [a Chapter 3]). Let us apply corollary 
9.2 of the paper [10] for Kj^ + E. We obtain that X has the two singu¬ 
larities of type Ai, which do not he on the curve Cx- Let I/((ni)) be 
the closure of one-dimensional orbit passing through the two singular 
points of type Ai. Then there exists an isomorphism of the lattice N 
such that ni = (1,0), n 2 = (1,2), and therefore = (—2n -|- 1, —2), 
where n>2 [18]. By considering the cone { 0 , 2 , n^) we obtain that the 
third singularity of X is of type 4^;^(2n — 1,1), its minimal resolution 
graph consists of three exceptional curve chain with the self-intersection 
indexes —2, —n and —2 respectively. The following two cases are pos¬ 
sible: i) T G V{{n 2 )) U E((n 3 )) and ii) T ^ V{{n 2 )) U ^((ng)). 

Consider former case i). To be definite, let T G V{{n 2 )), then 
^{{'^ 2 )) ■ {—Kx) = 2 ^Z 2 — therefore we obtain a contradic¬ 

tion for the same reason as in case C). 

Consider latter case ii). Let g\ —)• X be a minimal resolution. 

Let us contract all curves of Excg, except the exceptional curve of 
the singularity 4;^(2n — 1,1) with the self-intersection index —n. We 

obtmin the divisorial contractions —)• ^^and X —)• X. Note that 

p{X) = 2 and X = T/v(A), where the fan A is given by A with the 
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help of subdivision of the cone (n2,n3) into the two cones (77-2, n4), 
(77.4,77.3), where 774 = (—1,0). The surface X is a conic bundle with 
irreducible hbers, and its two hbers are non-reduced. These two hbers 
are the curves 1^((772)), ¥{{ 713 )), and every such curve contains the two 
singularities of type Ai. By T denote the transform of T on the surface 
X. We have + V{{n^)) ~ 0, where Bf ~ V^((n 2 )) + 

V{{n‘i)) is the hber passing through the point T, and B 2 ~ V"((77i)) is 
the section passing through the point T. By proposition II.151 we obtain 
the required 1-complement of Kx- □ 

Assume that B^ = Bf + B^', where the irreducible curve Bf has 
an ordinary double point singularity at the point T. By inversion of 
adjunction we have B~^' = 0, Bf^ nSupp(SingX) = 0 and Kx + B^ ~ 0, 
therefore Kx is Cartier divisor. Classihcation of Del Pezzo surfaces 
with Du Val singularities (in our case Du Val singularities are cyclic) 
implies Kx < 4 [3]. Write T = aBf + T', where Bf Supp(T') and 

0 < a < 1. Since 0 ~ Ky + E + Bf = f*{Kx + B^), then we obtain 
the contradiction 


= (- l + a )(/4 


(«]_+_a^\ ^ Q 

(y.\(y.2 ^ 


Consider the last case B^ = B^ + B 2 + B^', where the irreducible 
curves B^ and B 2 have a simple normal crossing at the point T. We 
have (BfuB^) D Supp(SingX) according to corollary 9.2 of the paper 
m applied for Kx+Bf +5^. To be dehnite, let the curve Bf^ contains 
two singular points of X. By inversion of adjunction, degDiff^+(0) < 
1, and therefore the curve Bf passes through two singular points only, 
and they are of type Ai. Such surfaces were classihed in the proof of 
lemma 14.21 and therefore it can be assumed that the third singularity 
of X is of type ^(2r7 -1,1), B+' = 0, 5+ n B^ = T, {B+f = n-l 
and where n>2. To be dehnite, assume that f*{Bi) = 

Bf + aiE and /*(i?^) = B 2 + a 2 E. Thus (B^)'^ = n — 1 — ai/Q! 2 , 
(B^)^ = a 2 /ai, and therefore {B^y < Ofor either A; = 1 or fc = 2. 
Write T = aiB^ + 02 ^^ + T', where B^, B 2 ^ Supp(T'), 0 < Oi < 1, 

0 < 02 < 1. Since 0 ~ Ky + E + B^ + B 2 = f*{Kx + Bf + i?^), then 
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we obtain the contradiction 

0 > (i^y + E + Ty) ■ 5+ = (-1 + a,) (5+)' + 5+ > 

> (-1 + ttk) (-Sfc") > 0- 

□ 

Remark 4.3. Hypothetically the statement of theorem 14.11 is trne in 
every dimension for any Picard nnmber p{X). In one-dimensional case 
(dimdf = 1 ), the statement is clear and its proof was given in theorems 

ESI and [211 

Definition 4.4. Let (P, Dr) = (P^, P-d- Assnme that 

— {Ky -I- Dy) is an ample divisor. Then, for set (mi,... ,mj,) we have 
one of the following cases np to permntations: (mi, m 2 ), it is of type 
A] (2,2,m), m > 2, it is of type Dm+ 2 ', (2,3,3), it is of type Eq, 
(2,3,4), it is of type D 7 ; (2,3,5), it is of type Eg. In propositions 14.5! 
and 14.7! the classihcation according to types corresponds to the types 
of (P,Dr) = (r,Diffr(D)). 

Proposition 4.5. Let (S', D) be a toric pair, where S is a normal 
projective surface with p(S') = 1, and let D be a divisor with standard 
coefficients. Assume that there exists a curve P such that —{Ks+D+T) 
is an ample divisor and (S, D -|- P) is a pit non-toric pair. Then one of 
the following cases is satisfied. 

1) {S,D,r) = = 0 },X 2 ) and di > 1. It is of type 

A. 

2) (S,D, P) ^ (Pxix 2 X 3 )E?=i = 0},Xi), the integer number 

triple {di,d 2 ,dg) is either {2,2, k), (2,3,3), (2,3,4) or (2,3,5), where 
k>2. They are of types 0 ^+ 2 , Eq, Ej and Eg respectively. 

3) (S', D,P) = (PxiX 2 X 3 (ai, 1,1), ELi = 0},XaJ, the inte¬ 

ger number triple {ai,di,d 2 ) is either { 2 , 2 , ki), (2, 3 ,^ 2 )? ( 2 ,^ 3 ,!) or 
(3,2,1), where ki > 1, 1 < k 2 < 2, kg > 4. In the first possibility, if 
ki > 2 , then it is of type Dfcj+ 2 - In the second possibility, if k 2 = 2, 
then it is of type Eq. The other possibilities are of type A always. 

4) (S',D,P) = (P„j 3 , 2 „ 3 (ai, 1,1), ^{ 0:2 = 0},Xaj+i), ai > 2 and 
di > 1. It is of type A. 

5) (S',D,P) = (P3;ja,2X3(®2 + 1, 02 , 1), EjLi = 0},Xa2+l), 

the integer number triple {a 2 ,di,d 2 ) is either {2, 2, kg), {k 2 , 2 ,kg) or 
(^ 4 ,^ 5 ,!), where kg < 3, k 2 > 3, kg < 2, k^ > 2 and kg > 3. In the 
first possibility, if kg = 2, then it is of type Dq, and, if kg = 3, then 
it is of type E^. In the second possibility, if kg = 2, then it is of type 
D 2 k 2+2 ■ The other possibilities are of type A always. 
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6) (S', D,r) = {^XIX 2 X 3{‘^(^2 + I 5 0 . 2 , 1), ^ 2 a 2 + l)? ^2 ^ 2 . It 

IS of type D 2 a 2 + 2 - 

7) {S,D,T) = {Fx:^x2X3{la2 - 1, ^ 2 , 1), ELi = 0})^«a2); «2 > 

2, the integer number triple {l,di,d 2 ) is either (2,2,1) or {ki,l,k 2 ), 
where ki>2 and k 2 >l. They are of types D 2 a 2 +i o.'f^d A respectively. 

8 ) {S,D,r) ^ (Pxix 2 X 3 (ai,a 2 ,1), ^{^3 = ^],Xa^+a2), ai > 02 > 2 
and di>l. It is of type A. 

9) (S, D) = (S(i(l, 1) + i(l, 1) + A,,r D, ,s 

an irreducible curve being different from D^, where is the closure 
of one-dimensional orbit passing through the first and second singular 
points, di >2 and ri, r 2 > 2. It is of type A. 

10) {S,D) = {S{A{l,l) + A[fi)+A^ri+r2)/i-i),^D3), the surface 

5 has three singular points, T ~ Hi + ZI 27 where Di is the closure of 
one-dimensional orbit not passing through the i-th singular point of S, 
di > I, I > 2 and Z|(ri + r 2 ). It is of type A. 

Proof. By adjunction formula the curve T is smooth and irreducible. 
It follows easily that, if P G Supp H fl F, then (S', H + F) is a toric pair 
in a sufficiently small analytical neighborhood of P. If S is a smooth 
surface, then S = and we have two cases 1) and 2 ). 

Assume that S is a non-smooth surface having at most two singular 
points. Then according to the proof of theorem 14.11 we have S' = 
^x-i_x 2 X 3 {o,i, 02 ,1). At hrst let us consider the case of one singular point, 
that is, Oi > 2 and 02 = 1. Then either F C>s(l), Os{ai) or C>s(ai 
1). The variant F ~ £> 5 ( 1 ) is impossible, since Ks -|- H -|- F is not a pit 
divisor at the point (1:0:0). The other variants lead us to cases 3) 
and 4) respectively. At second let us consider the case of two singular 
points, that is, Oi > 02 > 2. Put F = {'ip{xi,X 2 ,X 3 ) = 0}. Suppose 
that F 7 ^ Os{ai + 02 ), Os(ai), £> 5 ( 02 ), ^> 5 ( 1 ), then fi{xi,X 2 ,Xs) = 
bxixi^ -f (p{x 2 ,xf), and by considering the point (1 : 0 : 0 ) we obtain 

6 7 ^ 0, / = 1, F ~ Os{ai -\- 1) and xf" G ip{x 2 ,X 3 ). It leads us to 
case 7). If F ~ Os{ai), then by considering the point (0 : 1 : 0) we 
obtain xi, G fi{xi,X 2 , xf). It leads us to cases 5) and 6). It is easy 
to prove that cases F ~ £> 5 ( 02 ) and F ~ C^s(l) are not realized. If 
F ~ Os{ai + 02 ), then X 1 X 2 ,G '^(xi,X 2 ,Xg), and we have case 
8 ). 

Assume that S' is a surface having three singular points (it is the last 
possibility for S). According to corollary 9.2 of the paper [10] for the 
divisor Ks + F, we obtain that the curve F contains a singular point of 

S. 

Suppose that the curve F contains only one singular point of S, then 
arguing as above in the proof of theorem 14.11 we obtain S = S(2Ai -|- 
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— 1,1)), where n > 2, and T is locally a toric subvariety of 
{S 3 P), and {S 3 P) is of type 1,1). By Ti and T 2 denote the 

closures of one-dimensional orbits passing through the singular point 
P. Since Ti ~ T 2 and (F ■ Ti)p 7 ^ (F ■ T 2 )p, then F ■ Tj > 1. Therefore 
F — {An — 4)Ti is an ample divisor, and we obtain the contradiction 
with ampleness of —{Ks -|- F) ~ 2nTi — F. Thus this possibility is not 
realized. 

Suppose that the curve F passes through the two singular points Pi 
and P 2 of S only. There exists a 1-complement of iFp + h)iffr(O), and 
we obtain the 1-complement Ks -|- F -|- T ~ 0 of Ks -|- F by proposition 
11.171 There are two cases A) and B). 

A) Let T is a reducible divisor. By two-dimensional criterion on the 

characterization of toric varieties [26l Theorem 6.4] we have T = T 1 -I-T 2 , 
F ~ T 3 , H the singularities at the points Pj are of type 

A(l, 1 ), where di > 2 , rj > 2 and T, are the closures of one-dimensional 

orbits, and Pi G Ti. Let /: S' —)■ S' be a minimal resolution at the 
points Pi and P 2 only. By Ei denote the curve such that /(Pi) = Pi. 
By inversion of adjunction, F • T 3 = A 4 - hence (F^)^ ~ ^5 ' (^ 3)5 ~ 
0 , and the linear system |Pi -|- mF^| gives the birational morphism 
: S' —>■ Fri for m 0 m Proposition 1.10] such that the curve {T 2 )§ 
is contracted to a smooth point. The morphism g is toric and the third 
singularity of S' is of type A^i+ra-i- We obtain case 9). 

B) Let T is an irreducible divisor. To be definite, let Pj be the 

closures of one-dimensional orbits not passing through the Pth singular 
point of S' = S'(A(ai,l) ^{a 2 ,l) We have j^Di = 

AP 2 = AP 3 . To be definite, the curve F passes through the first 
and second singular point of S'. By the definition of 1-complement we 
obtain F-T = A-|-T^r-|- 2 " ^ Hence, either F ~ Pi -|- P 2 , 

T' P3 or F P 3 , T Di + D 2 . Since 1-complement not passing 
through the third singular point of S', then it is of type A^g-i. The 
case F ~ P 3 was considered in case A). Since the curve F does not 
pass through the third singular point, then we have to consider the 
possibility remained: F ~ Pi -|- P2 ~ /P3, where / > 2, / G Z. We 
obtain case 10 ). 

Suppose that the curve F passes through three singular points of S' 
with the indexes ri, r 2 and r 3 respectively. By inversion of adjunction, 
the triple (ri, r 2 , rs) is either (2, 2, k), (2, 3, 3), (2, 3,4) or (2, 3, 5), where 
k > 2. For the second and third variants there does not exist any 
surface S. For the hrst and fourth variants we have S' = S'(2Ai -|- 
j^{2n — 1,1)) and S' = P(2,3,5) respectively, where n > 2. These 
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variants are considered as above mentioned case, when the cnrve T 
contains only one singnlar point of S. □ 


Definition 4.6. The triple {S,D,r) determined by the assertion of 
proposition 14.51 is said to be a purely log terminal triple. 

Proposition 4.7. Let P(w) = T‘xix 2 X 3 X 4 {wi, 102 , 103 , 104 ), where wi + 
W 2 = W 3 + W 4 and gcd(tci, tC 2 , = 1- Put {wi,W 2 ,W 3 ,W 4 ) = 

(01^23^24; 02^13^14, a3(ii4(i24; 04 ^ 13 ^ 23 ); where dij = gcd{wk,wi) and 
i,j,k,l are mutually distinct indexes from 1 to 4. Consider the toric 
pair 

{S,D) = [X4X2 + X3X4 C P(w),Diff 5 /p(w)( 0 )). 

Then D = J 2 i<j,i<i< 2 ^Cij, where Cij = {xi = Xj = 0}nS. 
Assume that there exist a curve T and an effective Q-divisor T' such 
that Ks + D + r + T' is an anti-ample and pit divisor, and {S, D -\-T) 
is a non-toric pair. Then ^23 = <^24 = 1, ai|a 2 and T Op(w)(w2)|5 up 
to permutation of the coordinates. In particular, —{Ks + D + T) is an 
ample divisor and Wi\w 2 . It is of type A. 

Proof. Snch toric pair {S, D) was considered in example 12.21 2). in par- 
ticnlar, p{S) = 2 , and Cij is the closnre of one-dimensional orbit. The 
eqnality for the different D is followed by proposition 1.6 of [H]. To 
be dehnite, put wi < W 2 , W 3 < W 4 , W 2 < W 4 , Pi = (1 : 0 : 0 : 0), 
..., P 4 = (0 : 0 : 0 : 1). The surface S has a cyclic singularity of 
the index a, at the point Pi, where i = 1 , 2 , 3,4. Since Op(w)('W^i)|s = 
{xi = Oils = -^Cik + the corresponding different indexes k 

and I, then it is easy to calculate that = d‘l^{w 3 — W 2 )/{w 2 W 4 ) < 0, 
^23 = <^ 23(^2 - ^^^4)/(^^^1^^^3) < 0 , = d\^{w 4 - W2)/{W2UJ3) > 0 

and CI 4 = d 24('*^2 — uoz)/{W 4 W 3 ) > 0. In particular, Mori cone NE(X) 
is generated by the two rays M+[Ci 3 ], ^+[^' 23 ], and the sets T fl C 13 , 
T n C 23 consist of at most one point. Moreover, we may assume that 
T' = 7 iC'i 3 72C'23, where 71 < 1 and 72 < 1. If C'fg = 0, then 7 * = 0, 
where z = 1 , 2 . 

Let us prove that r-Ci 3 > 0 and r-C '23 > 0. Assuming the converse: 
T • Ci 3 = 0, that is, T ~ dC 24 . The possibility T • C 23 = 0 is considered 
similarly. Since C 23 • C 24 = ai(C '23 • h) G Z>o, then d G Z>o. The 

divisor C 24 — 76*13 is nef for 0 < 7 < hence it is semiample by base 
point free theorem [9]. Therefore, if d > 2, then we have a contradiction 
with connectedness lemma, since there exists a Q-divisor T" such that 
lL'P = 0 and P -|- T -|- T' 6*24 + 6*13 -|- T". Thus, d = 1 . Since the 
curve T is a non-toric subvariety of {S, D), then d 24 > 2, and we have 
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(ii3 = 1 by connectedness lemma again. We obtain the contradiction 


0 > + ^ + r + r') • ^23 > 



Thus, we proved that the sets T fl (713 and T fl C23 consist of one 
point only. 

Suppose that P4 ^ T, then T aiCu + 02(724, oi = 02(T • C13) G 
Z>o and 02 = ai(r • C23) G Z>o. By applying connectedness lemma 
we have oi = 02 = 1 - Let us prove that du = ^24 = 1 - Assuming 
the converse: du > 2 . The possibility ^24 > 2 is considered similarly. 
In order to apply connectedness lemma and obtain a contradiction (for 
the disjoint curves Cu, (^23) we must only prove that Pi = + 

^24 + ^^W ^24 ~ is a semiample divisor. Since Pi ■ C23 > 0 

and Pi • (7 i3 = ~ then Pi is a nef divisor and it 

is semiample by base point free theorem [S]. Finally, since Ks + T + 
(7i3 + C23 ~ 0 , then Ks is Cartier divisor at the point P3, and the 
singularity at the point P3 is Du Val of type ^(tci,tC2)- Therefore 
W3 + W4 = wi + W2 = 0(modtC3), W3\w4 and a3|a4. 

Suppose that P4 G T. Since the curve T is a (locally) toric orbit 
in some analytical neighborhood of P4, then either T ■ C13 = A or 
T • C23 = —• Let us consider the former case. The latter case is 
considered similarly. Write T ~q ai(723 + 02(724, Oi = a4(r • (7i3) = 1 
and 02 = a3(r • Cu) G ^>0- Arguing as above, we see that 02 = 1 , 
d24 = 1 , and if ^23 = 1 , then this completes the proof. Let ^23 > 2 . 
By the pit assumption of the proposition, T • C23 = ^ and du = 1. 
Considering T Cu + a^Cu we obtain 02 = 1 , di4 = 1 . This 
completes the proof. □ 

The following problem is important for the classihcation of pit blow¬ 
ups of three-dimensional toric non-Q-factorial singularity (if we follow 
the method described in this paper). 

Problem. Let (S', P) be a toric pair, where S' is a normal projective 
surface. Let P be a divisor with standard coefficients. Assume that 
there exist a curve T and an effective Q-divisor T' such that Ks -l- P -l- 
T-l-r' is an anti-ample and pit divisor, and (S', P-l-T) is a non-toric pair. 
Classify the triples (S, P, T). Hypothetically, the divisor —(A'5-fP-|-r) 
is ample always. 
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5 . Non-toric three-dimensional blow-ups. Case of point 

In this section we will construct examples of non-toric canonical 
blow-ups (these canonical blow-ups are non-terminal blow-ups always) 
and examples of non-toric pit blow-ups of three-dimensional toric ter¬ 
minal singularities provided that /(Exc /) is a point, where / is a blow¬ 
up considered. In the next section we will prove that these examples 
describe all such non-toric blow-ups. 

A) . In this case we will construct examples of non-toric pit blow-ups. 
Depending on a type of [X 3 P) there are two cases Al) and A2). 

Al). Let {X 3 P) he Si Q-factorial toric three-dimensional singular¬ 
ity. All pit blow-ups are constructed by a procedure illustrated on the 
next diagram: 



^0 

9o 

X 


Zi 


9i 


X 



Zn-l 

9n—l 

X 


X. 


The morphism go: (Zq, So) -3 {X 3 P) is Si toric blow-up, where 
Exc go = So is an irreducible divisor and go{So) = P- Assume that 
there exists a curve Tq C 5*0 such that {So, Diff5Q(0 ), Tq) is a pit triple 
(see dehnition 14 . 6 p . Such triples are classihed in proposition 14.51 and 
are divided into the hve types: A, Di, Eq, Ej and Eg. In cases Di, 
Eq, Ej and Eg, the number n G Z>o given in the diagram is equal to 
1 always (see lemma 15 ^ . In case A, the number n may be equal to 
every positive integer. 

Remark 5 . 1 . Since {X 3 P) = (C^ 3 0 )/G, where G is an abelian 
group acting freely in codimension 1, then there exists an irreducible 
reduced Weil divisor D on A such that Dzolso = ^q. The surface 
D has a log terminal singularity at the point P. A singularity type 
coincides with a type of the triple (S'o, Diff5g(0 ), Tq). In particular, if 
"0 is a G-semi-invariant polynomial in determining D, then Du Val 
singularity {-^ = 0 } C (C^, 0 ) is of the same type. 

The following lemma gives a restriction on the triple 
(S'o, Diff5Q(0), To) in the case of terminal singularities. 

Lemma 5.2. Let {X 3 P) be a terminal singularity, that is, it is 
of type i(— 1 ,—g, 1 ), where gcd(r, g) = 1 and 1 < q < r. Write 
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Diff5o(0) = Yl^=i where Di are the closures of corresponding 

one-dimensional orbits of the toric surface Sq. Then gcd{di,dj) = 1 
fori ^ j. 

Proof. It is sufficient to prove that the singularities of Zq are cyclic. 
Consider the cone a determining the singularity (X 3 P) (see example 
12.21 111. By {wi,W2,W3) denote the primitive vector defining the blow¬ 
up go- The variety Zq is covered by three affine charts with the singular¬ 
ities of types -W2,1 ), ^^^f^^^ {-wi+uw2+vw3, -UW2-VW3,1 ) 

and (~wi, qwi — W 2 ,1 ) respectively, where uq + vr = 1 and u, 

V eTj. □ 

5.3. According to proposition 14.51 (or by the classihcation of two- 
dimensional pit pairs m), the curve Tq is locally a toric subvariety 
of Zq in every sufficiently small analytic neighborhood of each point of 
Tq. Note also that Zq is a smooth variety at a general point of Tq. 

Thus, for any weights (/5^,/S^) there exists the divisorial contraction 
h: {Y,E) -3 {Zq D Tq), where Exch = E is an irreducible divisor and 
h{E) = To, and the following three conditions are satisfied. 

1) The morphism h is locally a toric one at the every point of Tq. In 
particular, Sq = Sq. 

2) Let iL be a general hyperplane section of Zq passing through the 
general point Q G Tq. Then the morphism h induces a weighted blow¬ 
up of the smooth point {H 3 Q) with weights {(3^,(3'^). 

3) h*SQ = Sq + ( 3 ^E. 

5.4. The morphism hg: Tq Zq used in our diagram corresponds to 
the blow-up h with some arbitrary weights {( 31 ,( 3 q). Put Exchg = Si. 

The morphism Eq gives the divisorial contraction Eq-.Yq^ Z\ which 
contracts the divisor Sq to a point. The existence of Eq follows from 
MMP. Indeed, p{So) = 1, and we obtain the required divisorial con¬ 
traction (not a log flip) at the hrst step of MMP. Moreover, by base 
point free theorem [9], the linear system Imflypl determines Eq for 
m ^ 0 (see remark 15.ip . Thus, we obtain the non-toric blow-up 
gi: {Zi,Si) -3 {X 3 P), where Exct^i = Si is an irreducible divi¬ 
sor and gi{Si) = P. If the triple (Sq, Diff5g(0), Pg) is of type A, then 
by the criterion on the characterization of toric varieties for divisorial 
contractions fremark l2.9p . Eq is a toric contraction (a required bound¬ 
ary is obviously induced from X to apply the criterion). In particular, 
the singularities of Zi are Q-factorial and toric (for type A). 
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Lemma 5.5. Let Fq = So fl S*!. Then 

_ ol {^So + Diffso(O)) ■ Fo /o2/p2'| 

(ro)5,-/^o- a{So,0) + l - 

Proof. This formula follows from the following equalities 

= f3lSo ■ fo = PliSo ■ Fo - PlA • fo) = PlSo ■ Fo- 
-/9o(r^)5o=/5o5o-ro-/?o^(F2)5„ = 

= ^l{{Ky + 5o) ■ Fo)/(a(5o, 0) + 1) - /3 o^(F2)5„. 


□ 


In next proposition 15.61 we will describe the pair (S'!, Diff5^(0)). The 
surface Si is a conic bundle with p{Si) = 2, in particular, every geo¬ 
metric fiber is irreducible. If we contract the section Fo = 5*0 fl S'! 
of S*!, then we obtain the surface Si. The curve Fq passes through a 
hnite number of the singular points Qi,..., of Zq (r < 3), and by 
Fi, ... ,Fr denote the fibers of Si over these points. In small analytic 
neighborhoods of a general point of Fo and in small analytic neighbor¬ 
hoods of a general point of some section Eq, the variety Yq has the 
singularities of types x 1) and x ^(—/Sq, 1 ) respectively. 

By Fi, ... ,Fr, Fq denote the transforms of Fi, ... ,Fr, Eq on the sur¬ 
face Si respectively. The empty circles are Fi,..., in the pictures of 
proposition 15.61 The singularities of Si are into ovals. Note that the 
self-intersection index (Fq)^^ was calculated in lemma 1331 

Proposition 5.6. Depending on a type of the triple (S'o, Diff5(,(0), Fo) 
we have the following structure of {Si, Diff 5 ^( 0 )). 

1) Type A, 



and 


Diff5i(0) = 


ki — 1 
ki 


Fi + 


ko-l 


F2 -|- 




-Fo 


The pair (S'!, Diff5^(0)) is toric. 
2) Type Di{l > 4), 
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3) Type Eq, 



4) Type Ej, 



In cases A, Di, Eq, E^ and Eg we have a non-pit 1-, 2-, 3-, 4- and 
6-complement of the kit pair {Si, Diff 5 ^( 0 )) respectively. 
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Proof. By construction, the morphism : S'! —)■ Fq is locally toric. 

Therefore, the surface Si has either no singularities in a hber or only 
two singular points of types ^(1, &i) and ^(1, —&i) [221 Chapter 7]. Let 
us show the local calculations. Consider the singular point Qi of Zq 
such that the curve Fq contains it. Let the cone ( 61 , 62 , 63 ) determines 
locally the variety Zq in a neighborhood of Qi, Fq = V{{e 2 ,ef)) and 
So = ^((ca)). According to proposition 14.51 we may assume 61 = 
(1, 0, 0). We locally have Yq = Tiv(A'), where 

A' = {(/?, 61 , 62 ), (/3, 61 , 63 ), their faces}, 

= /3 q 62 + /dgCs and N = 1 ? . Note that lF((/3)) = Si and Fi = 
1/((/3,6i)) is the hber of Si over the point Qi. Write {Zq 3 Qi) = 

(C3 3 Q)/G,jYo3 Q'l) 0)/Gi, (Fo 3 Q'i) = (C^ 3 0)/G'2, 

where Q'l = Q'i = FiPSq, and G, Gi, G 2 are the abelian groups 

acting freely in codimension 1. Hence, (3l\G\ = |Gi| and (3l\G\ = IG 2 I. 

Finally, a corresponding complement of the pair {Eq,Deo) is ex¬ 
tended to a complement of (S'!, Diff^j (0)) by proposition 11.171 where 
Keo + Deo = {Ksi + Diff5j(0) -|- -^Eo)\eo. □ 

By proposition 15.61 and inversion of adjunction, the morphism 
5 ^ 1 : —)■ A is a non-toric pit blow-up. 


Definition 5.7. The pit blow-up gi: {Zi, Si) {X 3 P) allows to 
construct a non-toric purely log-terminal blow-up of next level, if the 
following two conditions are satished. 

1) There exists a curve Fi C S'! with the same properties as the 
curve Fq, that is, the following two conditions are satished: la) 
Ksi + Dih 5 ^( 0 ) -|- Fi is a pit and anti-ample divisor, 16) either the 
curve Fi is a non-toric subvariety of the toric pair (Fi, Dih 5 ^( 0 )), or 
the pair (S'!, Dih 5 ^( 0 )) is non-toric. 

2) By Fi denote the proper transform of Fi for the contraction 

^o\si ■ *^1 morphism : Fi —)■ Fq is surjective. 

In particular, for any weights (/5^,/5^) 7 ^ determining the 

above-mentioned local toric divisorial contraction h: {Y,E) -3 (Zq D 
Fq) (see point 15.31) . the curve Fi C To is not the center of the exceptional 
divisor E. 

It is important to remark that we may not assume the divisor -h 
Dih 5 ^( 0 ) -|- Fi to be pit according to lemma ESI 


Lemma 5.8. I) In definition 5.' 
Ksi + Dih5j(0) d- Fi is pit. 


we may not assume that the divisor 
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II) Assume that the blow-up gi allows to construct a non-toric purely 
log-terminal blow-up of next level. Then the triples (Sq, Diff5(,(0), Fq) 
and {Si, Diff5^(0), Fi) are of type A. Moreover, Ti ^ Eq-I Fj for some 
index j. 


Proof. Let us remember that the pairs {Si, Diff5^(0)) were classihed in 
proposition 15.61 and we will use the same notation. 

If the divisor Ks^ + Diff5^(0) + Fi is not pit, then the curve Fi is 
locally non-toric subvariety at some point for the pair (S'!, Diff^^(O)). 
We will prove that such curve Fi does not exist. 

Put M = {Kg^ -f Diffg^(O) + Fi) • Eq. Note that M < 0 by dehnition 

O 

To prove case II) we have to consider the two possibilities only: 

1) Fi ~ Eo, Eq C Supp(Diff5j(0))^and fi ^ Eq-, 

2) Fi 7 ^ Eo, Fi ~ ooEq OiFi, where a* e Z>o and Oq > 1. 

To prove case I) we have to consider possibility 3) in addition to 
possibilities 1) and 2): 

3) Eq C Supp(Diff5^(0)), fir^Eo + aiFi, where e Z>o. 

In possibility 3) the divisor Diffg^(O) -|- Fi is not pit at some 

intersection point of Eq and Fi. 

Suppose that the triple (S'o, Diff5(,(0), Fq) does not have type A. We 
will prove that it is impossible in cases I) and II). Proposition 14.51 
and lemma 15751 imply that (ro)si < “/^o(ro)so — ~/^o — Hence 
the proper transform of Pq has the self-intersection index < —2 on 
the minimal resolution of Si. Consider possibility 1). Then M = 
-2 -F deg(Diff^^(0)) -f \El = 1 - where n* > 2 for all i. 

Since the linear system |T^o| is movable, then Eq=Eq-Ti>i^ + ^ 

(it is possible that ii = i 2 ), and hence M > 0. Consider possibility 2). 
If Oj > 1 for some f > 1, then it is obvious that M > 0. Therefore we 
have to consider the last case Pi ~ aoEn, where oq > 2. Arguing as in 
possibility 1) and in its notation we have E^ = > A 

where 4 G {1, 2, 3}, and hence M > 0. 

Suppose that the triple {Sq, Diffs'g(O), Pq) is of type A. We will prove 
that possibility 1) is not realized in case I), and Oq = 1, r = 1, oi = 1 
in possibility 2) of case I) 

Let mi = Vi/ki be an index of the singularity at the point FiAEq G ^i, 
where i = 1,2. Lemma [5.51 implies that 


(ro)si< /^o(ro)so< + 


( 1 ) 
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The morphism Si —)■ Si contracts Tq to a point of type 

^(mi,m2) and is a toric blow-up corresponding to the weights 
(mi,m2). Hence we can calculate 


( 2 ) 



m3 

mim2 


Therefore m3 > /9o(mi//c2+ ^2/^1)- The toric surface Si is completely 
determined by the triple (mi,m2,m3). Thus possibility 1) is not real¬ 
ized, since (3^ >2, and we obtain the contradiction 


M > -2 + deg (D.ff^ (h^A + + is?, = 

1 1 m3 

=-^-^ ^ > 0 . 

miki m2k2 2mim2 

The same calculations in possibility 2) imply oq = 1, and since Ti is an 
irreducible curve that the same calculations imply r = 1 and oi = 1. 

Now, to prove case II) completely we have to consider only possi¬ 
bility 3) provided that r = 1 and ai = 1. It is impossible since 

M > -2 + deg (Diff^^ (^^^1 + 

, /^o - 1 g2 ^ (/^o -2)(mifci + m2fc2) , ^ q 
/dg ° mim2kik2 mi 

Now we must prove only that the pit triple (S'!, Diff5^(0), Ti) is of 
type A. Assuming the converse: its type differs from type A. For 
instance, let us consider case 6) of proposition 14.51 the other cases 
are considered similarly. Thus (Fi, Diff5^(0), Ti) = (Pa;ia;2a:3(2&2 + 
1, &2,1), = 0},C>5^(262 + 1)), where 62 > 2. Since Si —)■ Tg is a 

toric conic bundle, then there are one possibility only: Si —)■ Si is the 
weighted blow-up of singularity of type T(i^ 1) at the point (0:1:0) 

with the weights (262 + 1,1) [22l Chapter 7]. Now (rQ)g^^ = — 2 ^ 2+1 

by equality ([2]) and (Fg)^^ < —(| -|- 2 bl+i) inequality (II]). This 
contradiction concludes the proof. □ 

Remark 5.9. A kit singularity is called weakly exceptional, if there ex¬ 
ists its unique pit blow-up (see [19], [I3]). In two-dimensional case a 
singularity is weakly exceptional if and only if it is of type D„, Eg, Ey 
or Eg. Previous lemma 15^ shows the complete correspondence of the 
types in the sense of weakly exceptionality too. 
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If the blow-up gi does not allow to construct a non-toric purely log- 
terminal blow-up of the next level, then our construction described is 
stopped. In the converse case we have type A, and the construction can 
be continued in the same way. Suppose that we have obtained the pit 
blow-up Qk'- {Zk, Sk) {X 3 P) for k > 1, and it allows to construct 
a non-toric purely log-terminal blow-up of next level. Then the triple 
(S'fc,Diff 5 ^( 0 ),rA,) is of type A, the blow-up hk'. (Yk,Sk+i) -3 (Zk,rk) 
corresponds to some (arbitrary) weights and the morphism 

h'f^ contracts the proper transform of Sk- In lemmas 15.51 15.81 and in 
dehnition 15.71 the indexes 0 and 1 are changed by the indexes k and 
k+1 respectively. In lemma I5T] the vector ei can not be equal to (1, 0, 0) 
for k>l. The pair ( 5 ^+ 1 , Diff 5 j.^^( 0 )) is of type A of proposition 15.61 
and our construction has type A constantly. The contraction h). is 
toric (a required boundary is obviously induced from Zk-i to apply the 
criterion). In particular, the singularities of Zk+i are Q-factorial and 
toric. Thus we have proved the following proposition. 

Proposition 5.10. Let {Z,S) -3 {X 3 P) be a non-toric pit blow-up 
obtained by our construction, where {X 3 P) is a Q-factorial three- 
dimensional toric singularity. Then the pair (S', Diff 5 ( 0 )) is described 
in proposition 15.61 

A2). Let {X 3 P) be a non-Q-factorial terminal toric three- 
dimensional singularity, that is, {X 3 P) = {{x\X 2 + x^x^ = 0} C 
(*^xi 3 ; 2 a: 33 ; 4 ! 0)) ^ly proposition l2.3l Consider a toric blow-up g : {Z, S) -3 
{X 3 P), where Exc g = S' is an irreducible divisor and g{S) = P. 
The blow-up g is induced by a weighted blow-up of with weights 
{wi,W 2 ,W 3 ,W 4 i), where wi W 2 = (see example 12.21 2)). 

Write {wi,W 2 ,W 3 ,W 4 ) = ( 01 ( 723 ^ 24 , 02 ^ 13 ^ 14 , 03 ^ 14 ^ 24 , 04 ^ 13 ^ 23 ), where 
dij = gcd{wk, wi) and f, j, k, I are mutually distinct indexes from 1 to 4. 
Suppose that there exists a curve T on S', which is a non-toric subvari¬ 
ety of Z (in the other words, T is a non-toric subvariety of the toric pair 
(S', Diff5(0))), and suppose that Ks + Diff5(0) -|- T is a pit anti-ample 
divisor. Such triples (S', Diff5(0), T) were classihed in proposition 14.71 
<723 = <724 = 1 and Oi|o 2 up to permutation of coordinates. 

Remark 5.11. Note that there exists the divisor 12 = {x 2 + - 1 - 

• • • = 0}|x such that klz\s = L, and it has Du Val singularity of type 
where 7 7 ^ 0 . 

Let g'X -3 X he Si Q-factorialization and let C = Excg' = 
Note that A is a smooth variety. By G denote the center of E on X. 
Applying a flop X (if it is necessary) it can be assumed that 
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the center G is a point. The point G is a zero-dimensional toric orbit. 
We apply the above mentioned construction of non-toric pit blow-ups 
of the smooth point {X 3 G). By the previous argument we must 
consider type A only at the first step of the construction, and hence we 
have type A at every step of one (see point Al)). As a result we obtain 
a non-toric pit blow-up Qn'- Zn ^ X. Let xp: Zn ---> Zpp be a log flip 
for the curve Cz^- By the criterion on the characterization of toric log 
flips (see proposition I2.16P the log flip p) is toric (a required boundary 
is obviously induced from X to apply the criterion). Thus, we obtain 
a non-toric pit blow-up gpp : (Z+, ^ {X 3 P), where S'+ = Exc^f^ 

and = P. Moreover, we have proved the following proposition. 

Proposition 5.12. Let (^+,5+) -3 {X 3 P) be a non-toric pit 
blow-up obtained by our construction, where {X 3 P) is a non-Q- 
factorial three-dimensional toric terminal singularity. Then the pair 
(S*^, Diff5+(0)) is toric and p(*S'+) = 2. 

B). In this case we will construct examples of non-toric canonical 
blow-ups and prove that they are not terminal blow-ups. Depending 
on a type of (A 3 P) there are two cases Bl) and B2). 

Bl). Let {X 3 P) = (C^^ 2 , 23,3 3 0). Let us consider a weighted blow¬ 
up g: {Z, S) ^ {X 3 P) with weights {wi,W 2 ,w^) such that g{S) = P 
(that is, tCj > 0 for all i = 1,2,3), where gcd(i/;i, W2, W3) = 1. Write 
(wi, W 2 , W 3 ) = ( 01 ^ 2 ^ 3 , 02 ^ 1 ^ 3 , asqm), where g, = gcd(wfc, wi) and i, k, I 
are mutually distinct indexes from 1 to 3. Then 

(5',Diff5(0)j = 02 , as), -{ 2 :^ = 0 }^. 

Assume that g is a canonical blow-up. 

Proposition 5.13. Let the curve T be a non-toric subvariety of 
(S', Diff5(0)). Assume that T does not contain any center of canoni¬ 
cal singularities of Z and —{Ks + Diff5(0) -\- T) is an ample divisor. 
Then we have one of the following possibilities for weights {wi, W 2 , W 3 ) 
up to permutation of coordinates. 

Type A). {wi,W 2 ,Ws) = ( 01 ^ 3 , 02 ^ 3 ,1); T ~ Os{ai -F as). 

Type¥)). {wi,W 2 ,Ws) = { 1 , 1 - 1 , 2 ), {l+l,l, 1), {1,1, 1) andV ~ Os{l), 
Os{ 21 ), Os{ 2 ) respectively, where I > 2 . 

Type Ee). {wi,W 2 ,ws) = (3,2,2), (6,4,3), (5,3,2), (4,2,1) and T ~ 
05 ( 3 ), Os{2), Os(9), 05 ( 3 ) respectively. 

Type¥j). {wi,W 2 ,ws) = (3,2,2), (6,4,3), (9,6,4), (3,3,1), (5,4,2), 
(7,5,3), (5,3,2) and T ~ Os{?>), Os{2), Os{?>), Os{2), Gs(5), Os{lA), 
Os{G) respectively. 
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Type Eg). (wi,W 2 ,W 3 ) = (3,2,2), (6,4,3), (9,6,4), (12,8,5), 
(15,10,6), (5,4,2), (10,7,4), (8,5,3) andV ^ 5 ( 3 ), ^ 5 ( 2 ), ^ 5 ( 3 ), 
Os{Q), Os{l), Os{5), Os(lO), Os(15) respectively. 

In all possibilities there is Du Val element Viz G | — Kz\ such that 
^z\s = r + X]I=i Moreover, Dz\s = T, except the two possibilities: 
(/ + 1,/,1), r ~ Os{‘2l){type D) and (5,3,2), F ~ Os{Q){type E 7 ). In 
these two possibilities we have Dz\s = T + Fi, where Fi ~ C>s(l) and 
05 ( 3 ) respectively. 

Proof. The proof follows from proposition 12.61 by exhaustion. □ 

Remark 5.14. Proposition 15.131 is similar to proposition 14.51 Note that 
there is one-to-one correspondence between the sets (wi, tC 2 , W 3 , F) and 
the exceptional curves of minimal resolution of Du Val singularity (D 3 
P), where D = g{flz). Types in proposition 15.131 correspond to Du Val 
types of the singularity 3 P). 

By theorem 11.61 there exists a divisorial contraction h: {Y,E) -3 
(E D F) for any weights 1) such that 

1) Exch = E is an irreducible divisor and h{E) = F; 

2) the morphism h is locally toric for a general point of F; 

3) if iF is a general hyperplane section passing through the general 
point Q G F, then h induces the weighted blow-up of the smooth point 
{H 3 Q) with weights {fli, 1); 

A)h*S = S + E and h*Dz = Dy + {RE. 

Apply Ky + Dy + eS'-MMP. Since p{YjX) =2 and Ky + Ily + eS = 
eS over X, then we obtain a sequence of log flips Y —-> V, and after 
it we obtain the divisorial contraction h': Y -3 Y which contracts the 
proper transform S of S. 

Thus we obtain a required non-toric blow-up /: (V, E) —)■ (X 3 
P), where Exc/ = E is an irreducible divisor and f{E) = P. Since 
Ky + kly = f*{Kx + D), then / is a canonical blow-up. 

Finally let us prove that / is a non-terminal blow-up, that is, the 
singularities of Y are non-terminal ones. We must prove only that the 
center of S' on V does not lie in Dy, since 0 = a(S, D). Let Y = Yi —^ 
V 2 • • ■ —^ Yn = Y he a decomposition of log flip sequence of 
Ky + fly -|- eS-MMP into elementary steps. If fly. is a nef divisor, 
then by base point free theorem [9] the linear system |mDyJ gives the 
birational contraction h' for m S> 0. It contracts the proper transform 
of S to a point, i = n, and this completes the proof. Suppose that 
fly. is not a nef divisor. The cone NE(Vj/X) is generated by two 
extremal rays. By Qi, Ri denote them, and to be dehnite, assume that 
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the ray Ri determines the next step of MMP. By construction, we have 
■ Qj > 0, and hence —Ky. ■ Ri = f^y^ • i?* < 0. Since Ky. • -R* > 0 
and the singularities of MMP are canonical ones, then the ray Ri gives 
a log flip (that is, i < n), and after it we have • Qi+i > 0. At the 

end we obtain that Qy. is a nef divisor for some j. This completes the 
proof. 

B2). Let {X 3 P) = {{xiX2 + = 0} C Let 

us consider a toric blow-up g: {Z,S) -3 {X 3 P), where Exc^f = S 
is an irreducible divisor, Z is a Q-gorenstein variety and g{S) = P. 
The blow-up g is induced by a weighted blow-up of C'^ with weights 
{wi, 102,103,104), where 104 + 102 = 103 + W4 (see example 12.21 2)L Write 
{wi, 102 , 003 , 004 ) = (ai(i23<^24, 02^13^14, a3(ii4(i24, 04 ^ 13 ^ 23 ), where dij = 
gcd{oJk, ooi), and i,i, k, I are mutually distinct indexes from 1 to 4. The 
pair (S', Diff5(0)) was calculated in proposition 14.71 and it is equal to 

I a;ia ;2 + a;3a;4 C P(wi, 002,003,004), E 

V *<J,l<j<2 / 

where Cij = {xi = Xj = 0} fl S. 

Assume that 5 ^ is a canonical blow-up. 

Proposition 5.15. Let a curve T be a non-toric subvariety of 
(S', Diff 5 ( 0 )). Assume that P does not contain any center of canon¬ 
ical singularities of Z and —{Ks + Diff5(0) -|- P -|- P') is an ample 
divisor, where P' is some effective Q-divisor. Then oji = 1 and 
P ~ C>p(u;i,«) 2 ,«j 3 ,u> 4 )('^ 2 )|s up to permutation of coordinates. There ex¬ 
ists Du Val element flz £ | — Kz\ such that klz\s = h. In particular, 
— {Ks + Diff5(0) -l- P) is an ample divisor and (hi 3 P) is Du Val 
singularity of type oohere hi = giVtz). 

Proof. We have a(S', 0) = OJ 4 +OJ 2 — I = OJ 3 +OJ 4 —I. The variety Z is cov¬ 
ered by four affine charts with the singularities of types ■:^{oo 3 , 004,—!), 
^(m^ 3 ,W 4 ,-1), ^(wi,W 2 ,-l) and ^(wi, m; 2 ,-1) respectively. Since 
the minimal discrepancy of {X 3 P) is equal to 1 and Z has canonical 
singularities, then 1 > a{S,0)/ojj for some j. Hence oJi = 1 for some 
index i ^ j such that oJi + Wj — 1 = a{S, 0). The condition ta, = 1 
is sufficient that the singularities of Y to be canonical by theorem 12.51 
Another statements are trivial. □ 

Now we can apply the construction of case Bl) to our case com¬ 
pletely. 

Another construction of same non-toric canonical blow-ups is the 
following one. Consider a Q-factorialization g: X ^ X and T = Excg. 
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By G denote the center of on X. Applying (if necessary) a flop 
X ---> X~^ we may assnme that G is a point. Let us apply the above 
mentioned construction in case Bl) for singularity {X 3 G). We obtain 
a non-toric canonical blow-up fY —)■ X. Let Y Y~^ be a log 
flip for the curve Ty- Thus we obtain a non-toric canonical blow-up 
/+: (X+,L;+) ^ (X 9 P), where P+ = Exc/+ and /+(P+) = P. 

6. Main theorems. Case of point 

Example 6.1. Let (X 3 P) = (C^ja- 23;3 9 0). Let us consider the 
weighted blow-up g\ {Z,S) {X 3 P) with the weights (15,10,6). 
Then 

(S, Difls(O)) = (P", ii, + + iia), 

where Li are the straight lines, and the divisor ^ L* is a complement 
to open toric orbit of S. 

Let 12 = {xf I- X 2 + = 0} C (X 3 P) be a divisor with Du Val 

singularity of type Eg. Then L = LLz\s is a straight line. Put Pi = 
Li n L. Then the points P* are non-toric subvarieties of {S, Diff5(0)). 

The main difference of structure of non-toric canonical blow-ups from 
the structure of non-toric pit blow-ups is shown in the following state¬ 
ments. 

1) We have P* G CS{Z,flz) for every LThus Pi are the centers of 
some non-toric canonical blow-ups of (X 3 P), that is, there exists the 
canonical blow-up (X, Pj) -3 (X 3 P) such that the center of Pj on Z 
is the point Pj for every i. 

2) The points Pi are not the centers of any non-toric pit blow-ups of 
(X 3 P). The proof of this fact is given in theorem 16.21 

The origin of this difference is that S is not (locally) Cartier divisor 
at the points Pj (cf. Theorem 12.14|) . 

The straight line L G CS(Z, VLz) is a center of some non-toric canoni¬ 
cal and pit blow-ups of (X 3 P). As might appear at hrst sight the class 
of non-toric canonical blow-ups is much wider than the class of non- 
toric pit blow-ups, but it is not true. To construct the non-toric canoni¬ 
cal blow-ups, some necessary conditions used implicitly in this example 
must be satished. Namely, g is a. canonical blow-up, a{S, D) = 0, the 
straight line L does not contain any center of canonical singularities of 
Z. 

Theorem 6.2. Let f: (Y, E) -3 {X 3 P) be a pit blow-up of three- 
dimensional toric terminal singularity, where f{E) = P. Then, either 
f is a toric morphism, or f is a non-toric morphism and described in 
section^ 
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Proof. Let / be a non-toric morphism (up to analytical isomorphism). 
Let Dy G I — ni^Ky + E)\ be a general element for n 0. Put Dx = 
f{Dy) and d = K The pair (X, dDx) is log canonical, a{E, dDx) = —1 
and E is a unique exceptional divisor with discrepancy —1. 

Let {X 3 P) he a Q-factorial singularity. According to the con¬ 
struction of partial resolution of (X, dDx) (see example 12.71 and the 
paper ra) and criterion 12.81 there exists a toric divisorial contraction 
g: Z ^ X such that it is dominated by partial resolution of (X, dDx) 
(up to toric log flips), and the following cases I and II are satisfied. 

Case 1. The exceptional set Excg = S' is an irreducible divisor, the 
divisors S and E define the different discrete valuations of the function 
held /C(X), and g{S) = P. By T denote the center of E on the surface 
S. Then the center T is a non-toric subvariety of Z. In the other words 
T is a non-toric subvariety of (S, Diff 5 ( 0 )). If T is a point, then we 
assume that it does not lie on any one-dimensional orbit of the surface 
S (up to analytical isomorphism {X 3 P) of course). 

Case 11. The variety Z is Q-gorenstein, hence it is Q-factorial. The 
exceptional set Exc 5 ^ = Si U S 2 is the union of two exceptional irre¬ 
ducible divisors. S'!, S 2 and E dehne mutually distinct discrete val¬ 
uations of the function held JC{X) and g{Si) = g{S 2 ) = P. To be 
dehnite, let p(S'i) = 1, p(S' 2 ) = 2 , and C = S'! fl S '2 is a closure of 
one-dimensional orbit of Z. By T denote the center of E on Z. In this 
case T is a point and a non-toric subvariety of (S'!, Dih^^ ( 0 )), T G C, 
and the curve C has the coefficient 1 in the divisor Dih 5 j(S '2 -|- dDz). 
Mori cone NE(Z/X) is generated by two extremal rays, denote them 
by Ri and R 2 . To be dehnite, let Ri gives the divisorial contraction 
which contracts the divisor Si to some point Pi. Considering toric 
blow-ups of Pi we may assume that Dih 5 ^(S '2 -|- dDz) is a boundary in 
some neighborhood of the point T. 

If P 2 gives the divisorial contraction which contracts the divisor S 2 
(onto curve), then it is case Ila. If P 2 gives a small hipping contraction, 
then it is case lib. 

Let us consider case Ilb in more detail. Let Z --->• Z~^ be a toric log 
hip induced by P 2 - The corresponding objects on are denoted by 
the index +. For the toric divisorial contraction g^: Z^ -3 X we have 
p{Sf) = 2, p{Sf) = 1. Note that the point r+ G = Sf Sf of P 
on can be a toric subvariety of (S*^, Dih^+(0)). The morphism g^ is 
dominated by partial resolution of (X, dDx) (up to toric log hips), and 
the curve has the coefficient 1 in the divisor Dih^+(S'j'' -|- dDz+). 

Note that the equality ^'(Exc^') = P is proved similarly to theorem 
12.131 in both cases I and 11. 
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Now, according to section O the following lemma implies the proof 
of theorem for Q-factorial singularities. 

Lemma 6.3. It is possible case I only. Moreover, T is a curve and 
Ks + Diff 5 ( 0 ) + r is a pit divisor. 

Proof. Let us consider case I. Write 

Kz + dDz + aS = g*{Kx + dDx), 

where a < 1. Hence 

a[E, S + dDz) < aS + dDz) = —1- 

Therefore T C LCS(S', Diffs'((iZi)^)) and —{Ks + DiSs{dDz)) is an am¬ 
ple divisor. 

Assume that T is a (irreducible) curve. We must prove that 
7 ^ 5 -|-Diff 5 ( 0 ) -|-r is a pit divisor. Assume the converse. By adjunction 
formula, T is a smooth curve, and by connectedness lemma the divi¬ 
sor Ks + Diff 5 ( 0 ) -|- r is not a pit one at a unique point denoted by 
G. The point G is a toric subvariety of (S', Diff 5 ( 0 )) by theorem 14.11 
Moreover, the curve T is locally a non-toric subvariety at the point 
G only. According to the construction of partial resolution m there 
exists the divisorial toric contraction Z —)■ Z such that Exc^ = S 2 
is an irreducible divisor, ^(S' 2 ) = G and the following two conditions 
are satished. 

1) . Put Si = and G = S'! fl S' 2 . Let c(r) be the log canonical 
threshold of T for the pair (S', Diff 5 ( 0 )). Then S'! —)■ S is the 
inductive toric blow-up of Ks + Diffs'(O) -|- c(r)r (see theorems 11.101 
and 12.131) . and the point G = G D r 5 ^ is a non-toric subvariety of 
(^2,Diff5,(0)). 

2 ) . The divisor DiQ.S 2 i.dDz + *^ 1 ) ^ boundary at the point G. 

Let iL be a general hyperplane section of large degree passing through 

the point P. Then we have a{Si,dDx + hH) = —1 and a{Sj,dDx + 
hH) > —1 for some h > 0 . If i = 1 and j = 2, then we have 
the contradiction with theorem 14.II for the pair (S' 2 , DiQs 2 {dD 2 + S'!)). 
Hence, we may assume that i = 2 and j = 1. Mori cone NE(Z/X) is 
generated by two rays, denote them by Ri and i? 2 - To be dehnite, let 
R 2 gives the contraction 'g. 

At hrst assume that Ri gives the contraction gi: Z ^ Zi which con¬ 
tracts S'! (onto a curve). The contraction gi is an isomorphism for the 
surface S' 2 , therefore we denote (71 (S' 2 ) by S '2 again for convenience. If 
DiQs 2 {dDzi) is a boundary, then we have the contradiction with theo¬ 
rem [TT] applied for the pair (S' 2 , DiSs 2 i.dDz^)) . If it is not a boundary, 
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then we have the following contradiction 

0 > (1 + a(^i, dDx + hH))Si ■ Cq = 

= {Ks, + Diffs, {dDg + 52 + hH^)) ■ Co > 

> {Ks, + Diff5i(0)' + 15 ,+^ + Co) • Co > (-Fi - F 2 + TsJ • Co > 0, 

where Co is the closure of one-dimensional orbit of Si, having zero- 
intersection with C, and Fi, F 2 are the two toric hbers (the closures of 
corresponding one-dimensional toric orbits) of the toric conic bundle 
—)■ gi{Si), and the divisor Diff 5 j( 0 )' is a part of Diff 5 j( 0 ) provided 
that we equate to zero the coefficients of C and Cq in Diff5j(0). 

At last assume that Ri gives a flipping contraction. Let Z ---> 
be a corresponding toric log flip. The corresponding objects on 
are denoted by the index ■*■. If the point C"*" is a non-toric subvariety 
of (5^*“, Diff^+(0)), then we have the contradiction with theorem 14.11 

applied for the pair (5^*“, Diff^+(5^) -|- r+). Therefore we can assume 

that the point C^ is a toric subvariety. If the curve r"*" is a non-toric 
subvariety of Diff^+(0)), then by inversion of adjunction the pair 

(Aj*", Diffg+(5^) -|-r+) is pit outside G'*', and we have the contradiction 

with proposition 14.51 Thus we have proved that T’*' and C^ are the 
toric subvarieties of (Aj*", Diff^+(0)). In particular, = P(l,ri,r 2 ), 

where gcd(ri,r 2 ) = 1 and (T'*')^ = ri/r 2 - Considering the divisor 
D{5) = {d — S)D + h{ 6 )H for some h > 0 and h{S) > 0 (h(0) = 1) 
instead of the divisor F(0) = dD, we may assume that the whole 
construction is satisfied and a{E,D{ 6 )) = —1. 

Let Diff52(F(5) — a{Si, D{ 6 ))Si) > 0 (for example, it holds if 
a{Si, D{ 6 )) < 0). Replacing the divisor H by other general di¬ 
visor, we may assume that the three following conditions are sat- 
ished: 1) a{Si, D{ 6 )) < 0; 2) G is a center of LCS{Z, D{ 6)2 — 
a{Si, D{ 6 ))Si-a{S 2 , F(5))52); 3) a{S 2 , D{ 6 )) > -1 and DiSs,{D{ 6 ) - 
a{Si, D{ 6 ))Si) > 0. We obtain the contradiction with theorem 14.11 for 
the pair (^ 2 , Diff52(F(5) — a{Si, D{ 6 ))Si)). 

Let Diff52(F(5)—a(5i, D{ 6 ))Si) is not an effective divisor. The curve 
T'*' is locally a toric subvariety in some analytical neighborhood of every 
point of Z~^, therefore there exists a blow-up g\ {Z D S 3 ) —>■ (Z+ D 
r+), where Exc^ = S 3 is an irreducible divisor such that ^(Ss) = T'*' 
and the following three conditions are satisfied. 

A) The morphism ^ is locally a toric one at every point of T"^, in 
particular. Si = Si. 

B) Let iL be a general hyperplane section of Z~^ passing through the 
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general point Q G F'''. Then g induces a weighted blow-up of {H 3 Q) 
with weights (/ 9 i,/ 52 ), and g*S^ = 51 - 1 - ( 328 ^. 

C) Either the divisors ^3 and E dehne the same discrete valuation of 
the function held /C(X) (case Cl), or the curve F C ^3 being the center 
of E on Z is a non-toric subvariety of ( 53 , Diff^g(O)) (case C2). 

By Co and F denote zero-section and a general hber of respec¬ 
tively. Let us consider case Cl. Then D{ 6 )\g^ aCo + bF by the 
generality of D, where 6 > 0 and a = 2 + a{Si, D{ 6 ))/f3i — 

1 + We obtain the contradiction (the calculations are similar to 
lemma 1331 and proposition 15.6p 

0 = {K-s^ + D% 3 (D{5) + 5+ - a(5i, D{5))St )) • Co > 

> -2 + 1 + + Cl> (ri - l)/r2 > 0. 

'f '2 

Let us consider case C2. If a{S 3 , D{6)) < —1, then we require 
the condition a^S^, D{6)) = —1 to be satished instead of the con¬ 
dition a{E,D{S)) = —1 in the construction of D{6), and we obtain 
similar contradiction as in case Cl. Therefore we may assume that 
a{S 3 , D{6)) > —1. Then F ~ aCo + bF, where either a > 1, 6 > 1, or 
a > 2 , 6 > 0 , or a = 1 , 6 = 0 , F 7 ^ Cq, (^2 > 2 . Continuing this line of 
reasoning, we have the same contradictions for any possibility of F. 

Now assume that F is a point. Theorem 14.II implies that J3\S.s{dDz) 
is not a boundary in any neighborhood of F. Moreover, there is a 
unique curve passing through F with the coefficient > 1 in the divisor 
J3\S.s{dDz)- It is clear that it is smooth at the point F, it is a non-toric 
subvariety of (5, Diff 5 ( 0 )) and denote it by T. 

Let us prove that (5, Diff 5 ( 0 ) -|- T) is a pit pair. Let FT be a general 
hyperplane section of large degree passing through the point P such 
that F G Hz- As above by theorem 14.11 there exist some rational 
numbers 0<6<d, h>0 and the divisor D' = {d — 6 )Dx + hH such 
that (X, D') is a log canonical pair, LCS(Z, D'^ — a{S, D')S) = T and F 
is a center of (Z, D'^ — a{S, D')S). Moreover, we may assume that there 
are not another centers differing from F and T by connectedness lemma. 
Now, according to the standard Kawamata’s perturbation trick, there 
exists an effective Q-divisor D" on X such that the curve T is a unique 
minimal center of (Z, D'^ — a{S, D'')S). So, by the previous statement 
proved (when F is a curve), (5, Diff 5 ( 0 ) -|- T) is a pit pair. 

Let us consider the blow-up g: (Z D S 3 ) -3 {Z D T) for the pair 
{X,D') which is similar to the blow-up g\ (Z D S 3 ) -3 {Z^ D F+), 
where Exc^ = S 3 . Let F C Z be a center of E. There are two cases 
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r = F, r is a point, where F is a fiber over the point F. Applying 
lemma [63] (it is a simple corollary of inversion of adjunction), if F is a 
point, we obtain the contradiction in same way as above 

0 = {Ks^ + Diff 53 (:D^ - a{S, D')S)) • Fq > 0. 

Lemma 6.4. Let O be a smooth point of the surface M. Assume 
(M, N) is not a log canonical pair at the point O, where N = dJ+S > 0, 
/ ^ Supp Tj, d < 1, I is an irreducible curve which is a smooth at the 
point O. Then (S ■ I)o > 1- 

Let us prove that case II is impossible. Let id be a general hyperplane 
section of large degree passing through the point P. Then we have 
a{Si, dDx + hH) = —1 and a{Sj, dDx + hH) > —1 for some h > 0. 

Let us introduce the following notation: let M = 3] be the 

divisor decomposition on irreducible components, then we put = 

Yli-. mi>l + '^i: mi<l 

li i = 2 and j = 1, then we obtain the contradiction with theorem 
14.11 for the pair (Fi, Y)iAs^{dDz + ^ 2 )^). Therefore i = 1 and j = 2. 

Let us consider case Ilb. If F’*' is a non-toric subvariety of 
(F^, Diffg+(0)), then we obtain the contradiction with theorem 14.II for 

the pair {Sf ,Y)i?ig+{dDz+ + SfY). Therefore we assume that F+ is 
a toric subvariety of (F^, Diff^+(0)). The similar (related) case have 
been considered, when F was a curve, therefore we do not repeat its 
complete description. By construction, the curve C Sf is ex¬ 
ceptional and contains at most one singularity of Sf. Since the pair 
(Fj*", Diffg+((iF^+ -|- hHz+) is not log canonical at the point F’*', then 
{dDz+ + hHz+) ■ = 1 -|- cr, where a > 0. Since the divisor —Kg+ is 

a sum of four one-dimensional orbit closures, then 

a(F^, dDz+ + hHz+)Sf ■ C+ = 

= {Ks+ + I)iSs+{dDz+ + hHz+)) ■ C'+ > 

> -(F+)L -1- - +l + a>a>0. 

Di ^ ^ 

Since F^ • < 0, then a{Sf, dDz+ + hHz+) < 0. Now, to obtain 

the contradiction with theorem 14.II for the pair (Fi, T)\S.s^{dDz + hHz — 
a(F 2 , dD + hH)S 2 Y), it is sufficient to decrease the coefficient h slightly 
(then a(Fi, dD + hH) > —1). 

Let us consider case Ila. Let gi: Z —>■ Zi he a contraction of F 2 . 
The contraction gi is an isomorphism for the surface Fi, therefore we 
denote 5 'i(Fi) by Fi again for convenience. If the divisor DiSs^(dDzi) 
is a boundary, then we have the contradiction with theorem 14.II for the 
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pair (S'!, and if it is not a bonndary, then we have the 

following contradiction 

0 > (1 + a{S2, dDx + hH))S2 ■ Co = 

= {Ks, + BiSsAdDz + S, + kHz)) ■ Co > 

— (-^52 + Diffsj (0)^ + F + C + Co) • Co ^ 0, 

where Cq is the closnre of one-dimensional orbit of S 2 having zero- 
intersection with C, and F is a general hber of the conic bnndle S 2 —)■ 
( 71 ( 52 ), and the divisor Diff 52 ( 0 )' is a part of Diff 52 ( 0 ) provided that 
we eqnate to zero the coefficients of C and Co in Diff52(0). Note that 
the eqnality {Dz\s 2 ' C)r > 1 have been applied here (see lemma 16^ : 
it is trne, since (52,C -|- Dz\s 2 ) is not a pit pair at the point T by 
constrnction. □ 

Let (X 3 P) he & non-Q-factorial singnlarity, that is, {X 3 P) = 
({a;ia ;2 + = 0} C by proposition 12.31 We repeat the 

argnments given in section O Let g'. X -3 X he a Q-factorialization 
and let C = Excg = P^. Note that X is a smooth variety. By G denote 
the center of F on X. If G is a point, then it is a toric snbvariety, and 
hence the main theorem is rednced to the case of Q-factorial singnlar- 
ities. If G = C, then we consider the flop X ---> X~^, and we may 
assnme that G is a point by replacing X by X"*". □ 

Theorem 6.5. Let f: {Y, E) -3 {X 3 P) be a pit blow-up of three- 
dimensional toric Q-factorial singularity, where f{E) = P■ Then, ei¬ 
ther f is a toric morphism, or f is a non-toric morphism and described 
in section\^ 

Proof. We can repeat the proof of theorem 16.21 withont any changes 
in onr case. Lemma 15.21 gives some restrictions, when (X 3 F) is a 
terminal singnlarity, bnt it is not nsed in what follows. □ 

Theorem 6.6. Let f: {Y, E) -3 (X 3 P) be a canonical blow-up of 
three-dimensional toric terminal singularity, where f{E) = P■ Then, 
either f is a toric morphism, or f is a non-toric morphism and de¬ 
scribed in section^ 

Proof. Let / be a non-toric morphism (np to analytical isomorphism). 
Let Dy G I — nKyl be a general element for n S> 0. Pnt Dx = 
fiDy) and d = The pair {X,dDx) has canonical singnlarities and 
a{E, dDx) = 0. 

Let (X 3 F) be a Q-factorial singnlarity. There is one of two cases I 
and II described in the proof of theorem 16.21 We will nse the notation 
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from the proof of theorem 16.21 According to section [S] the following 
proposition implies the proof of theorem for Q-factorial singularities. 

Proposition 6.7. There exists a toric blow-up g such that we have 
case I always, the center V is a curve, a{S, dDx) = 0 and {X 3 P) is 
a smooth point, in particular, g is a canonical blow-up. 

Proof. Let us consider case II. We may assume that C Supp(Sing Z). 
Actually, by taking toric blow-ups with the center C we obtain either 
the requirement, or case I (that is, there is some blow-up g such that 
the center of A' is a curve and a non-toric subvariety of corresponding 
exceptional divisor). Therefore Si and S 2 are Cartier divisors at the 
point r. Therefore we have 

a{E, Si + dDz) < a{E, -a{Si, dDx)Si + dDz) - 1 < -1 
for z = 1 , 2 

Let Lf be a general hyperplane section of large degree passing through 
the point P and let T G Hz- For any 5 > 0 there exists a number 
h{ 6 ) > 0 such that (X, D{ 6 ) = {d — 6 )Dx + h{ 6 )H) is a log canonical 
and not pit pair. Let Dz\s = 'YhdiDf be a decomposition on the 
irreducible components [S = Si + S 2 ). If it is necessary, we replace the 
divisor Dx by D'x in order to D'^ls = J2i - tgd? diDf. By the generality 
of H and connectedness lemma, there exists 5 > 0 with the following 
two properties. 

1) The pair (X, D{S)) dehnes a pit blow-up {Y(6), E{S)) -3 {X 3 P). 

2) By T denote the center of E{S) on Z. Then, either T = T, or T 
is a curve provided that T C S '2 and T G T (note that case T C Ai is 
impossible, since it was proved in case I of theorem 16.21) . 

Let T = T. Then we have case II of theorem 16.21 but it was proved 
that this case is impossible. Let T be a curve and let fj: Z ^ Z' be 
a contraction of Ri. The morphism contracts the divisor Si to the 
point Pi. By construction, -|- Diff^/(0) -|- T 5 ' is not a pit divisor at 
the point Pi, and it was proved in case of theorem 16.21 that this case is 
impossible. 

Let us consider case 1. Write Kz + dDz = g*{Kx + dDx) + 
a{S,dDx)S, where a{S,dDx) > 0 . Since S is Cartier divisor at a 
general point of T, then 

a(P, S + dDz) < a{E, -a{S, dDx)S + dDz) - 1 = -1. 

Hence T C LCS(^, Diffs(dPz)). 

Let a{S, dDx) = 0. Then Z has canonical singularities. 

Assume that T is a curve. Then (X 3 P) is a smooth point by next 
lemma 16.81 
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Lemma 6.8. Let g: {Z, S') —)■ (X 3 P) be a toric canonical blow-up of 
three-dimensional Q-factorial terminal toric singularity. Assume that 
there exisits a curve F C S' such that it is a non-toric subvariety of 
(S', Diff5(0)), and it does not contain any center of canonical singular¬ 
ities of Z. Let —{Ks + Diff5(0) + F) be an ample divisor. Assume 
that there exists a divisor D'^ G | — mKz\ for some m G Z>o such that 
(ZAD'z) is a canonical pair and = F + ^ 7 jFj, where ■ji > 0 

for all i. Then {X 3 P) is a smooth point. 


Proof. Assume the converse. Then (X 3 P) is of type i(—1,—g, 1), 
where gcd(r, g) = 1, 0<g<r — 1 and r > 2. Let us consider the 
cone a defining (X 3 P) (see example 12.21 IF. By {wi,W 2 ,W 3 ) denote 
the primitive vector defining the blow-up g. The variety Z is cov¬ 
ered by three affine charts with singularities of types ^(—Wi, —W 2 , 1 ), 

rw 2 -qw 3 {-W 1 +UW 2 + VW 3 , -UW 2 -VW 3 , 1 ) and ^^/_^ 3 (-Wi,gwi-W 2 ,l) 
respectively, where Mg-|-nr = l, 0<M<r — 1 and G Z. The 
corresponding zero-dimensional orbits of Z are denoted by Pi, P 2 and 
P3. We require implicitly that Wi,rwi — W 3 ,rw 2 — qw^ G Z>i. Obvi¬ 
ously, a(S', 0) = j(w 3 -h rw 2 — qw^ rwi — W 3 ) — 1. Since the minimal 
discrepancy of (X 9 P) is equal to ^ and Z has canonical singularities, 
then ^ > a{S,0)/Nj for some j, where Ni = W 3 , N 2 = rwi — W 3 
and X 3 = rw 2 — qw^. If Pj ^ F (condition Al), then lemma is 
proved, since F is a non-toric variety and we have the contradiction 
a{S, ^D') < a{S,0) — Nj/r < 0, where D' = g{D'z). If Pj G F, then 
the condition Nj/r < 1 (condition A2) implies the proof of lemma 
arguing as above. 

Let Wi = max{tai,^ 2 ,^ 3 }. In this case we can apply the same 
technique as in the proof of proposition 12.61 It is easy to calculate 
that the toric canonical blow-ups are the following ones: al) g = 1 
and W 2 = 1 or a2) wi = W 2 = W 3 = 1. For possibility al), either 
condition A2 is satisfied or j = 3. If j = 3, then the point P3 is a 
center of canonical singularities (condition A2 is not satisfied), hence 
P 3 ^ F and condition Al is satisfied. For possibility a2), condition A2 
is satisfied always. 

Let W 2 = maxlwi, ^ 2 , tfs}. It is easy to calculate that the toric 
canonical blow-ups are the following ones: tCi = 1. If condition A2 
is not satisfied, then j = 2 and the point P 2 is a center of canonical 
singularities, hence condition Al is satisfied. 

Let us examine the last case W 3 > maxjtci, 1 ^ 2 }. Consider the sin¬ 
gularity at the point Pi. It is easy to calculate that condition 3) of 
theorem 12.51 is not satisfied. 
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Assume that condition 2) of theorem 12.51 is satished. Then the toric 
canonical blow-ups are the following ones: bl) q = 1 , W 2 = 1 , or b 2 ) 
Wi = 1, or b3) we have ^3 = ^ 1 -!- W 2 , W 2 > Wi > 2, but we will 
not calculate the weights {wi, 102 , 103 ) in case b3). For possibility bl), 
either condition A2 is satisfied or j = 3. If j = 3, then the point 
P 3 is a center of canonical singularities (condition A2 is not satished), 
hence P 3 ^ T and condition Al is satished. For possibility b2), if 
condition A2 is not satished, then j = 2 and the point P 2 is a center of 
canonical singularities, hence condition Al is satished. For possibility 
b3) we will not obtain the classihcation of toric canonical blow-ups. Let 
i = 1 , hence (r — 1 — q){wi + W 2 ) < r and therefore, either W 3 < 
q < r — ?>, 01 q = r — 1 01 q = r — 2, W 3 = r and r > 5. 

If W 3 < q < r — 3, then it is easy to prove that condition Al 

or A 2 is satished. Note that the most hard statement here is to prove 
that UW 2 + VW 3 — tci -|- 1 ^ 0 if and only if uw 2 + vws — wi + 1 ^ D. 

The remaining two variants are impossible, since the singularity in¬ 
dex either at the point P 2 or at the point P 3 is less than 1. Let j = 2, 
hence tci = 1 and we obtain the contradiction. Let j = 3, hence 
{r — q + l)w 2 — {q — l)tr:i < r. It is easy to prove that condition Al or 
A2 is satished. 

Assume that condition 1 ) of theorem 12.51 is satished. Then W 3 = 
WI+W 2 — 1 - We may assume that Pi is a center of canonical singularities, 
that is, wi>2 and W 2 > 2. Therefore j = 2, 3. Let j = 2, hence tci = 1 
and we obtain the contradiction. Let j = 3, hence {r — q + l)w 2 — {q — 
l)tci -|- g — 1 < r. It is easy to prove that condition Al or A 2 is 
satished. □ 


Assume that F is a point. Then DiSs{dDx) is a boundary, and 
hence we obtain the contradiction with theorem 14.11 for the pair 
{S,Difis{dDx)) and the point F. 

Let a{S, dDx) > 0. We will obtain a contradiction. Note that 
the number of exceptional divisors with discrepancy 0 is hnite for the 
pair {X,dDx)- Now we will carry out the procedure consisting of 
the two steps: il) the replacing dDx by D{6) and i2) the replacing 
{X, dDx) by other pair with canonical singularities (the variety X is 
replaced by other variety also). As the result of hnite number of steps 
of this procedure we will obtain a contradiction. Let Hi be a general 
hyperplane section of large degree containing the center of S' on X (at 
this hrst step the point P is this center, and note that this center can be 
a curve after replacing X as a result of step i 2 )). Also we require that 
{Hi)z\s C S' is an irreducible reduced subvariety (curve) not containing 
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any zero-dimensional orbit of S. This last condition is necessary to our 
procedure terminates obviously as the result of hnite number of steps. 

Let us consider the numbers 5 > 0, h{S) > 0 and the divisor D{6) = 
{d — 6)Dx + h{6)Hi such that (X, D{6)) has canonical singularities, T is 
a center of canonical singularities of {Z, D{6)z — a{S, D{6))S), and one 
of the two following conditions are satished: either al) a{S,D{S)) = 0 
or a2) a{S,D{S)) > 0, there exists a center of canonical singularities 
different from T for the pair {Z, D{6)z — a{S, D{6))S). Take the max¬ 
imal number S with such properties. By E again (for convenience) we 
denote some exceptional divisor with discrepancy 0 for {X,D{5)) such 
that its center is T on Z. It is step if). 

Let a{S,D{6)) = 0 and T be a curve. By the above statement 
{X 9 P) is a smooth point. We claim that h{6) = 0, and thus we 
have the contradiction. Let us prove it. Consider the general point Q 
of T and the general (smooth) hyperplane section H passing through 
this point. Then [H 3 Q, {D{6)z)\h) has canonical non-terminal sin¬ 
gularities. This is equivalent to mult q{D (6) z)\h = 1- Let us apply 
the construction of non-toric canonical blow-ups from section O to the 
curve T provided that f3i = 1. As the result we obtain the non-toric 
canonical non-terminal blow-up {Y",E") -3 {X 3 P). By the above 
a{E”, D{S)) = 0. Since T <f_ (iLi)z, then the divisor {Hi)y" contains 
the center of canonical singularities of Y" (see section [5]) always. There¬ 
fore h{5) = 0. 

Let a(S', D{5)) = 0 and T be a point. Then Diff5(P(5)) is a boundary 
and we have the contradiction with theorem 14.11 

Let a{S,D{6)) > 0. Let X —)■ X be a log resolution of {X,D{S)). 
Let us consider the set S consisting of all exceptional divisors E' on X 
with the two conditions: 1) E' can be realized by some toric blow-up 
of (X 3 P) and 2) a(P', d{5)) = 0. 

Let T = 0. Hence, if T G CS(Z, P((5)^ — a{S, D{6))S) and T is a 
curve, then T is a non-toric subvariety of (S', Diff5(0)). Let us consider 
the variety T G CS{Z, D{6)z — a{S, D{S))S) which is the maximal 
obstacle to increase a coefficient 6, that is, if put T = T, then we can 
more increase the coefficient 6 as the result of step il). If T is a curve, 
then we consider T instead of T and repeat the hrst step il) to increase 
the coefficient S (for the sake to be dehnite, we denote the curve T by 
T). If T is a non-toric point lying on some toric orbit, then we are in 
case IL We have proved that case II is reduced to case I, besides we 
can assume that we consider the pair {X,D{6)) for some 5 > 0. If T 
is a point not lying on any toric orbit, then we can consider the point 
T instead of T and increase 6 as the result of step il). If T is a toric 
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point, then we can consider the point T instead of T and increase 6 
and repeat the procedure from the beginning with the same notation. 

Let 7^ 0. Let us consider the toric divisorial contraction gi: Zi —)■ 
{X 3 P) which realizes the set S exactly. In particular, Kz^ +D{6)zi — 
gl{Kx + D( 6 )). Let Pi be a center of E on Zi. Let us consider locally 
the pair {Zi D Pi,Di = D{6)zi) instead of (X 3 P,D{S)). It is step 
i2). Let us repeat the whole procedure. We obtain a new divisor Di{ 6 ) 
on Zi. Let a{S, Di{6)) = 0. If the center of S on Zi is a point, then we 
have the contradiction as above. If the center of S on Zi is a closure 
of one-dimensional toric orbit, then we have the similar contradiction, 
but we must use the results of section [3] (example 13.21 and theorem 
13.51) to prove h{6) = 0. Let a{S, Di{6)) > 0. The case = 0 is 
considered as above (the set S will be another one). In the case S ^ ^ 
we obtain a toric divisorial contraction g 2 '. Z 2 ^ {Zi D Pi), which is 
constructed similarly to the construction of gi. After it let us repeat 
the whole procedure. By construction of partial resolution of (X, dDx) 
we obtain some pair (Z^, Dk{ 6 )) in a hnite numbers of steps such that 
a{S, Dk{6)) = 0, and hence we have the contradiction. □ 

Let (X 3 P) he a non-Q-factorial singularity, that is, (X 3 P) = 
{{xiX 2 + X 3 X 4 = 0} C (C^ia; 2 X 3 X 4 ) 0)) by proposition 12.31 According 
to section [5] it is sufficient to prove that the analog of proposition 16.71 
is satished for this singularity. Arguing as above in theorem 16.21 the 
required statement is reduced to the case of Q-factorial singularities, 
this concludes the proof. □ 

Corollary 6.9. Under the same assumption as in theorem 16.61 the two 
following statements are satisfied: 

1 ) 0 , 0 , n if f is a terminal blow-up, then f is a toric morphism; 

2) if f is a non-toric morphism, then Kx is Cartier divisor, that is, 
either (X 3 P) is a smooth point, or {X 3 P) = {{xiX 2 + x^x^^ = 0} C 

(C^1X2X3X4>0))- 
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